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Introduction and Outline
[...] Žἰ ƉόƉŽ ƁοῦƆοƇ ἔŹ νῦν ŹὖƉέ μŽ ŻῆƆŹƇ ὀπάžŽƀ.
ἈƂƂὰ ƁŹὶ ὧƇ ἱππŽῦƈƀ μŽƉέƈƈομŹƀ ἠżὲ ƁŽƂŽύƈω
źοƊƂῇ ƁŹὶ μύθοƀƈƀ· Ɖὸ ŻὰƆ ŻέƆŹƇ ἐƈƉὶ ŻŽƆόνƉων.
ΑἰƌμὰƇ ż᾽ ŹἰƌμάƈƈοƊƈƀ νŽώƉŽƆοƀ, οἵ πŽƆ ἐμŽῖο
ὁπƂόƉŽƆοƀ ŻŽŻάŹƈƀ πŽποίθŹƈίν ƉŽ źίſƋƀν.
As I was then a youth, so now doth old age attend me. Yet even so will I
abide among the charioteers and urge them on by counsel and by words; for
that is the oﬃce of elders. Spears shall the young men wield who are more
youthful than I and have conﬁdence in their strength.
Homer, Iliad, book IV, verses 321-325 (Translation by A. T. Murray, PhD)
Atomic clocks that work in the micro-wave domain (i.e. at a frequency of a few GHz)
are currently at the base of the realization of the SI second and the “Temps Atomique
International” (TAI) - atomic international time. They are progressively reaching their
intrinsic limit, and systems that operate in the optics domain (i.e. at a frequency of a
few hundred THz) are expected to progressively replace them in the next few decades.
These systems in the optics domain operate by probing an ultra-narrow atomic tran-
sition with a cw laser of extremely high stability and spectral purity (usually less than
1Hz linewidth). By locking the laser’s frequency to the resonance of the probed optical
transition, one realizes an optical frequency standard1. The short term frequency stabil-
ity of such standards (currently a few 10−15 at 1s) greatly surpasses that of microwave
frequency standards (based on Cesium or Rubidium), which is, in itself, a strong motiva-
tion for developing them. Furthermore, a better stability also provides an easier, faster
and more convenient characterization of systematic bias that may impact the frequency
standard. In term of accuracy, many eﬀects are insensitive to the reference frequency
(Zeeman eﬀect, density shift, for exemple), and therefore become relatively smaller when
compared to an optical frequency than to a microwave frequency. The eﬀects related to
the movement of the atoms (Doppler eﬀect, recoil eﬀect) are the only ones which induce
shifts proportional to the frequency, but this particular point has been solved for optical
clocks either by conﬁning the atoms in an optical lattice (neutral atoms), or in an ion
1the terms “optical frequency standard” and “optical clock” are used very often, somewhat abusively,
to describe the same kind of setup. Rigorously, a frequency standard produces an oscillating signal
which is frequency stable and absolutely referenced to primary standards. A clock includes a frequency
standard, but also the surrounding systems that allow to use it to actually measure the passing of time.
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trap (charged particles).
The advantage of using optical frequency standards is therefore particularly clear.
The inconvenient lies in the fact that the actual signal produced by such frequency
standard is an electro-magnetic ﬁeld in the optical frequency domain, which exhibits an
oscillation frequency of several hundreds of THz: no electronic system is fast enough to
count it or compare it to other frequency standards, either optical (operating at other
wavelength) or microwave.
Before the invention of optical frequency combs, the only possibility to realize opti-
cal frequency measurements were involving extremely complex frequency multiplication
chains, with tens of lasers, and very manpower consuming. Only a handful of labo-
ratories worldwide had access to such technology. Optical frequency combs, based on
self-referenced femtosecond lasers [1, 2], allow such measurement with a simple, compact
(approx. 1m2 of optical table), reliable and, nowadays, commercially available device.
Optical frequency chains of old time were, on the contrary, extremely complicated
apparatuses, designed for a single very speciﬁc wavelength measurement, and requiring
half a dozen of highly trained specialists to operate (and even then, only so rarely, a
few times a year at best in the handful of institution that sheltered them). Optical
frequency combs are now ubiquitous tools which have revolutionized the domain of
optical frequency metrology by providing a phase coherent link over the optics and
microwave domain, thereby covering hundreds of THz of spectrum with a single device
of moderate complexity.
Their relative simplicity of operation, wide optical spectrum and high performance
have also allowed the blooming of a very rich domain of applications, where they have
shown their usefulness beyond the relatively narrow circle of highest-performance optical
clocks community. Research with optical frequency combs includes, nowadays, applica-
tion in the microwave domain (sources for radar and telecommunication), tera-Hertz (as
sources of radiation and frequency control), mid-infrared, optical and VUV-XUV range.
Scientiﬁc communities as various as radio-astronomers, optical domain astronomers, par-
ticle accelerator operators, free electron lasers researchers and, of course spectroscopists
with various ﬁelds of interest are showing interest for these tools.
My working in the ﬁeld of optical frequency combs and optical frequency measure-
ments started at the National Institute for Standards and Technology (NIST) in Boulder,
Colorado, USA, during my stay as a guest researcher in 2004-2007. My original ﬁeld of
research was Bose-Einstein condensation of laser-cooled neutral atoms []. After a PhD
thesis in this ﬁeld, under the supervision of Alain Aspect and Philippe Bouyer at Insti-
tut d’Optique, I pursued working in this group where I, along with three undergraduate
students and various interns, had the opportunity to build from zero a high performance
Rubidum Bose-Einstein condensation experimental apparatus. This two-year long post
doc position led me to publish several papers in the ﬁeld of atom laser realization and
analysis [3, 4, 5, 6], as well as precision measurement using Bose-Einstein condensation
[7]. The present manuscript doesn’t describe these experimental and theoretical contri-
butions, as I preferred keeping the scope of this manuscript to one single ﬁeld. a list of
the papers in peer-reviewed international journals that were published in relation with
this work is given at the end of the introduction.
After leaving Institut d’Optique, I was employed as a guest researcher at NIST,
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Boulder, in the group of Leo Hollberg, where I was working on a cold neutral calcium
optical atomic clock and with optical frequency combs in 2005-2007. After this stay
abroad, I was recruited at LNE-SYRTE in Paris Observatory to take in charge the
optical frequency comb activities in the optical frequency measurement group. I have
been doing research in this institution since then.
In the present manuscript, I have divided my various research projects at NIST and
LNE-SYRTE along three main themes. The ﬁrst chapter describes the realizations that
I was a part of in the domain of optical frequency measurements. This includes detailed
description of how to actually measure the signal from an optical clock with a frequency
comb and a description of the results of the various measurement campaigns that I
was involved in over the years. The second chapter describes my work in the ﬁeld of
ultra-low phase noise microwave signal generation with optical frequency combs. The
third chapter describes various experiments I have worked on, which demonstrate new
utilization possibilities of frequency combs in the optics domain. The ﬁrst and third
chapter mix work that was realized at NIST and LNE-SYRTE, while the second chapter
covers a research program that I worked on exclusively at LNE-SYRTE.
The separation in three chapters is, of course, somewhat arbitrary, as many technical
and fundamental problems were found indiscriminately in the three lines of research, and
solving them in one context beneﬁted the others greatly. For example, generating low
noise microwave signal with a frequency comb renders the absolute frequency measure-
ment of an optical clock against a primary frequency reference much more eﬃcient. To
be capable of quasi-autonomous operation of combs for hours and days, as is required for
optical frequency measurement, makes the study of transfer of spectral purity between
optical wavelengths and between optics and microwave much more convenient as one
can rely on robust and reliable apparatus, etc.
As a general rule of research in the ﬁeld of metrology, the real progress in the long
run can only be obtained from a highly advanced, yet reliable technology. Indeed, at
NIST and LNE-SYRTE, which are both National Metrology Institutes, researchers are
strongly encouraged to design reliable and autonomous experiments, as, in the long
run, they are supposed to be operated continuously with minimal human intervention.
Whereas this could be considered a burden, this is also a strength as they then provide
a reliable and solid ground on which to build highly ambitious research programs. This
is a strong speciﬁcity of experimental research in National Metrology Institutes that
cannot be emphasized enough.
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Personal publications relevant to my post-doctoral work at
Institut d’Optique on Bose-Einstein condensation and atom
lasers
Partially ferromagnetic electromagnet for trapping and cooling neutral atoms to quantum
degeneracy
M. Fauquembergue, J.F. Riou, W. Guerin, S. Rangwala, F. Moron, A. Villing, Y. Le
Coq, M. Lécrivain, P. Bouyer and A. Aspect
Rev. Sci. Instrum. 76, 103104 (2005)
Beam Quality of a Non-ideal Atom Laser
J.-F. Riou, W. Guerin, Y. Le Coq, M. Fauquembergue, V. Josse, P. Bouyer, and A.
Aspect
Phys. Rev. Lett., 96, 070404 (2006)
Coherent matter wave inertial sensors for precision measurements in space
Y. Le Coq, J. A. Retter, S. Richard, A. Aspect and P. Bouyer
App. Phys. B, 84, 627-632 (2006)
Tapered-ampliﬁed AR-coated laser diodes for Potassium and Rubidium atomic-physics
experiments
R. A. Nyman, G. Varoquaux, B. Villier, D. Sacchet, F. Moron, Y. Le Coq, P. Bouyer
and A. Aspect
Rev. Scient. Instrum., 77, 033105 (2006)
Theoretical tools for atom-laser-beam propagation
J.-F. Riou, Y. Le Coq, F. Impens, W. Guerin, C. J. Bordé, A. Aspect and P. Bouyer
Phys. Rev. A., 77, 033630 (2008)
C H A P T E R 1
Optical frequency measurements
One should avoid carrying out an experiment
requiring more than 10 per cent accuracy.
Walther Nernst (1864-1941), physicist and chemist. Quoted in [8].
The optical frequency measurement is the prime application of frequency combs and
historically the most developed worldwide. I describe in this chapter the work I have
realized in connexion with optical frequency measurements at LNE-SYRTE and NIST.
At NIST, I was working primarily on a simple and robust cold atom optical frequency
standard based on neutral Calcium that served as a high long term stability reference,
allowing the full characterization of systematic errors of a state-of-the-art neutral Stron-
tium lattice clock at JILA [9]. The measurement campaigns were realized thanks to
an optical ﬁber link between the two institutions (distant by 3km), and optical fre-
quency combs at each end of this link to connect it to the wavelength of operation of
the Strontium and the Calcium clocks.
My work at LNE-SYRTE is mostly centered on the comb part, in strong interaction
with the people working on the optical frequency standards per se. This includes many
measurement campaigns of the two Strontium lattice clocks [10, 11, 12], the one neutral
mercury clock of the laboratory [13, 14, 15, 16, 17, 18], as well as some long-distance
measurement of the CO2/OsO4 mid-infrared frequency standard located at Laboratoire
de Physique des Lasers (LPL) in Villetaneuse, via an optical ﬁber link between this
laboratory and LNE-SYRTE [19].
I begin with a general introduction to the concepts and techniques related to optical
frequency combs. This can be considered a short “technical-tutorial-like” introduction
to the subject, presenting concepts that are fundamental for the rest of the manuscript.
I proceed with a description of the system, techniques and setups used nowadays at
LNE-SYRTE for optical frequency measurements. This description gives an overview of
present day state-of-the-art ﬁber-based frequency comb system. Although not exactly
equivalent to the systems used at NIST and JILA while I was there (Titanium-sapphire
based systems with phase-locking of both f0 and frep were, and are still, the techniqueof choice there1), the system I describe can be considered as a good example of a reli-
able device that allows measuring any present-day optical frequency standards without
degradation in terms of stability or accuracy.
I ﬁnish by giving an overview of the various experiments that I participated in over
the years which relate to optical frequency measurements.
1The deﬁnition of the parameter f0 and frep will be given in the following paragraphs
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1.1 Optical frequency comb principles
The electromagnetic ﬁeld emitted by a mode-locked femto-second laser is composed, in
the frequency domain, of a series of modes, regularly spaced in frequency, and phase
coherent with each other. The frequency of each mode thus follows the relation
νN = N × frep + f0 (1.1)
where frep is the repetition rate (typically radio-frequency) of the laser pulses, νN is theoptical frequency of the considered mode, N a large integer (typically of the order of
106), and f0 is a global shift frequency called “carrier-envelop oﬀset frequency”. Thislast term is related to the diﬀerence between the phase velocity and group velocity in
the laser oscillator. It corresponds, in the the time domain, to the fact that the electric
ﬁeld is not strictly identical from one pulse to the next, but exhibits a phase shift with
reference to the time envelop of the pulse (see ﬁgure 1.1)
Figure 1.1: Correspondence between the time (successive pulses) and frequency domains
(regularly spaced modes) for the electromagnetic ﬁelds generated by a mode-locked fem-
tosecond laser of repetition rate frep. The dephasing ΦCE between the envelop and theoptical carrier that arise between two successive pulses corresponds, in the frequency do-
main, to a global shift of the frequency of the modes by a oﬀset f0 = 12pi dΦCEdt = ΦCE2pi frep.
By mixing (on a partially reﬂecting mirror or a ﬁbered beam-combiner) the electro-
magnetic ﬁelds generated by a femtosecond laser and a cw laser whose frequency νcwneeds to be measured, and detecting the result with a fast photo-diode (of which the
bandwidth will be denoted fBW), one gets a radio-frequency signal whose spectrum iscomposed of, for one part, harmonics of the repetition rate frep, and, for another part,diﬀerent optical beat-notes with frequencies fb,N = |νcw−N×frep−f0|, with the integer
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N taking all the values such that fb,N < fBW. One can then easily isolate from thiscomplex signal, using a suﬃciently narrow radio-frequency band-path ﬁlter, one of the
fb,Ncw components which provides the frequency shift of the cw laser with one on themodes of the femtosecond laser, indexed by the integer Ncw.Likewise, with another narrow band-path ﬁlter, one can isolate one of the harmon-
ics of frep, which provides access to this value. In practice, it’s however common tophysically split the measurement of frep and fb,N on two diﬀerent photo-diodes, so asto optimize the detection for these two signals separately. For example, optimizing the
signal-to-noise ratio of the beat-note fb,Ncw normally requires to limit the spectrum of thefemtosecond laser that illuminates the photo-diode to a narrow spectral width around
the optical frequency νcw. Otherwise, using the full spectrum of the femtosecond laserwould produce a very large number of components with frequencies fb,N higher than
fBW, which produce shot-noise without producing a useful signal. To decrease as muchas possible this added shot-noise by ﬁltering the spectrum around its “useful domain” can
therefore greatly increase the signal-to-noise ratio of the beat-note at frequency fb,Ncw .This is typically done with a narrow interferometric ﬁlter with a spectral bandwidth of
1 nm or below. In contrast, the optimal detection of frep requires to use the maximumavailable optical power (within the limit imposed by the photo-diode saturation), so
as to maximize the detection signal-to-noise ratio. Furthermore, in this case, we have
shown how some speciﬁc operation regime can greatly reduce the residual measurement
noise of frep, and therefore enables the use of the detected signal, for instance, as anultra-low phase-noise microwave source (see chapter 2). These solutions, at the current
stage of our research, can only be used reliably when a speciﬁc photo-diode is dedicated
to the sole detection of frep (or of one of its harmonics).If the integer Ncw is known, or at least easy to determine (for example in the casewhere the frequency νcw is already known with a better accuracy than the repetition rate
frep), f0 is the only remaining frequency to determine for completely deﬁning the equa-tions, and therefore measuring absolutely the optical frequency νcw. The measurementof f0 is realized by the self-referencing technique, which requires the femtosecond laserto exhibit a spectrum that spans at least one octave (i.e. from one optical frequency
to its double for the so-called f-2f technique2). In practice, very few lasers exhibit such
a wide spectrum “naturally” (so far, only ultra-short pulses Titanium-Sapphire based
lasers with pulse duration of 3 to 5 fs approximately have been shown to exhibit such
a wide spectrum, see for examples [21, 22, 23, 24]). Nevertheless, using a piece of
highly non-linear ﬁber allows to broaden the spectrum of a few types of short pulses
femtosecond lasers, suﬃciently to reach the octave spanning condition while maintain-
ing the phase coherence condition between modes that is necessary for the operation
of the self-referencing technique3. These highly non-linear ﬁbers are engineered so as
to exhibit a quasi-vanishing chromatic dispersion near the central wavelength of the
2Some self-referencing experiments have been realized with spectrum covering only two third of an
octave, see for example [20]. They require an even higher level of sophistication and are not widely used
nowadays
3Many lasers can reach an octave spanning spectrum by propagating in a long enough dispersion-
managed non-linear ﬁber, provided they can reach a high enough peak intensity. One can buy, nowadays,
such “white light lasers” from various providers. However, maintaining the coherence between the two
sides of the octave spanning spectrum is an entirely diﬀerent business.
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femtosecond laser. This allow the pulses to propagate in them while keeping a short
duration and therefore keep a high peak intensity along the propagation, which in turns
provide the requirement for high non-linear eﬀects. By successive 4-wave mixing pro-
cesses (both degenerate or non-degenerate for the various possible mode combination)
between the various modes that compose the femtosecond laser spectrum, the non-
linear ﬁber progressively broadens the spectrum until there is a factor equal or higher
than two between its low and high frequency sides, which the a prerequisite for the
self-referencing technique. Thus, it appears in the spectrum a component at optical
frequency νN = N × frep + f0 and another one, at the other end of the spectrum offrequency ν2N = 2N × frep + f0. By doubling the frequency of the component νN in anon-linear crystal, and detecting the optical beat-note between this signal of frequency
2 × νN and the mode of frequency ν2N with a fast photo-diode, one gets a signal atfrequency |2N × frep + 2f0 − 2N × frep − f0| = f0. The frequency doubling acts onseveral optical modes at the same time. The ﬁnal signal therefore contains, in addition,
harmonics of the repetition rate frep, but also components at frequencies M × frep ± f0with M an integer. It is however easy to remove those components with suﬃciently
narrow radio-frequency bandpass ﬁlters. It is important to notice that the participation
of a large number of pair of modes of frequencies 2νN and ν2N to the signal is actuallyfavorable, since several pairs will produce beat-notes that may add coherently to pro-
duce a signal of much larger amplitude than would be produced by a single pair. As the
typical optical power per mode is of the order of a few pW, this coherent build up is
actually essential to the detection. However, it can only happen if every pair produces
a signal of frequency f0 with identical phase as the others, which requires a ﬁne tuningof the global dispersion of the optical systems that realize this f-2f interferometer (the
optical path for components of frequency ν2N and for components of frequency νN be-fore, while and after the frequency doubling must be identical). This phase matching
condition is actually equivalent, in the time domain picture, to ensure that the parts of
the pulse which have been frequency doubled, and that which haven’t, reach the photo-
diode at the same moment. This condition can for example, simply be realized with
an adjustable delay line that acts only on part of the optical spectrum (before the fre-
quency doubling stage), or with ad hoc ﬁxed dispersion elements (glass plate or negative
dispersion mirrors) added in the optical path.
The set of radio-frequency signals fb,Ncw , frep and f0 gives all the parameters thatcompletely deﬁne the system of equations, and therefore provides a mean to compare
optical to microwave frequencies. Furthermore, when using several beat-notes between
the optical frequency comb and several cw lasers (operating at diﬀerent wavelengths),
fb,N(1)cw , fb,N(2)cw , fb,N(3)cw , etc. one can compare simultaneously several optical frequencies,without necessarily using the intermediate of the micro-wave domain.
Nevertheless, these measurements assume that the mode indices N (i)cw are previouslyknown. The easiest way to determine those is when the optical frequency to measure is
known beforehand with an accuracy better than the comb’s repetition rate. Indeed, in
this case, it’s easy to locate the mode closest to νcw. In the particular case of optical clocktransitions whose frequency is known with a very large accuracy (for the “classic” clock
transitions like for neutral Strontium for example), this condition is naturally fulﬁlled.
For non-absolute optical frequency standards, like a high-ﬁnesse Fabry-Perot cavity not
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in relation with an atomic transition, or an atomic clock transition that hasn’t been
measured previously (as was the case for the ﬁrst neutral mercury experiments at LNE-
SYRTE), this previous knowledge of the optical frequency is normally not suﬃcient as the
best commercially available wavemeters don’t provide, in general, an absolute accuracy
of a few MHz or tens of MHz, as required, for an arbitrary wavelength (in the best case,
such accuracy is only available a few nm away from a ﬁxed calibration wavelength).
Realizing several measurements using diﬀerent repetition rates of the comb, assuming
the optical frequency to determine doesn’t change too fast in-between the measurements,
and the measurements themselves are realized with a suﬃciently high resolution, one
can however deduce the integer indexes of modes with basic mathematics. If one has
access to two working combs, one can even make the measurement with the two combs
(operating at diﬀerent repetition rates) simultaneously (or, even better, synchronously)
[25, 26], thereby greatly relaxing the necessity for the optical frequency which is measured
to exhibit small ﬂuctuations, as well as the necessity of high resolution measurement.
1.2 Optical frequency combs at LNE-SYRTE
The LNE-SYRTE owns several optical frequency combs based on two diﬀerent technolo-
gies. The combs based on Titanium-sapphire femtosecond lasers appeared in the year
2000 and allowed the measurement of many optical frequencies in the visible domain
and the near infra-red. Their operation for more than a few hours or a day is gener-
ally still a challenge for the high repetition rate lasers that are preferred for metrology
applications. A new generation of comb, based on ﬁber lasers, that we started working
on in 2009 at SYRTE, are progressively replacing the Titanium-Sapphire based systems
for operational level measurement tools. Our work in collaboration with our industrial
partner (MenloSystems GmbH) has allowed these ﬁber-based optical frequency combs
to reach the current state-of-the-art and these devices are progressively taking over for
measurement campaigns at LNE-SYRTE.
1.2.1 Titanium-sapphire based system
1.2.1.1 Description of the laser
The ﬁrst generation of optical frequency combs at LNE-SYRTE uses, as a femtosecond
laser oscillator, a titanium ion-doped sapphire crystal in a free-space resonant cavity.
This system is pumped by a continuous 8W commercial laser at 532 nm, based on
intra-cavity frequency doubling of a neodymium YAG laser. The mode-locked pulsed
operation is realized by Kerr-lens eﬀect in the Titanium-Sapphire crystal itself. The
repetition rate is close to 767MHz, ﬁnely tunable with a piezo-electric actuator mounted
on one of the mirrors of the cavity. The pump beam, before reaching the laser oscillator,
is passing through an acousto-optic modulator (AOM), used in the 0th order, which
allows ﬁne tuning of the eﬀective pumping power. This fast actuator allows typically
to provide feed-back with a bandwidth near 400 kHz,and acts both on the frequency f0and the repetition rate frep, by modifying the index of refraction and the dispersionseen by the femtosecond laser in the titanium-doped crystal. A motorized glass wedge
also allows a coarse adjustment of the f0 frequency, by adding or removing a dispersive
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glass thickness in the laser cavity. The pulses that are produced by this laser, typically
30 fs in our case, are send, in parallel, on a fast GaAs photoconductor (to detect frepand its harmonics up to 14GHz), and on a 20 cm non-linear photonic crystal ﬁber which
produces at its output a quasi-continuum that covers more than one octave of spectral
bandwidth (from 520 nm to 1100 nm approximately). Several free-space optical elements
allow to generate from this wide spectrum the self-referencing f0 signal and the opticalbeat-notes between the comb and several cw lasers to measure at LNE-SYRTE: clock
(698nm) and trapping (813 nm) lasers of the Strontium optical frequency standards,
clock (1062.5 nm before frequency quadrupling for interrogation of atoms at 265.6 nm)
laser of the neutral mercury optical frequency standard and an iodine-stabilized laser
(1064 nm). The general setup schematic for the Titanium-Sapphire optical frequency
comb at LNE-SYRTE is represented on ﬁgure 1.2.
1.2.1.2 Phase-locking of the comb onto a 1062.5nm cw laser, narrow linewidth
regime
The beat-note signal at at λcw = 1062.5nm exhibits a large signal to noise ration (>50dBin a 500kHz bandwidth). We use this property to phase-lock the comb to the ultra-stable
laser at this wavelength with a large (>400kHz) feed-back bandwidth4. This beat-note
signal is, like any other optical beat-note ampliﬁed and mixed with the f0 signal. Afterthis mixing, we obtain mainly two components at frequencies νcw − Ncwfrep − f0 + f0and νcw −Ncwfrep − f0 − f0, but only the ﬁrst is independent of f0 and its ﬂuctuations.We isolate this radio-frequency component with a narrow band-pass ﬁlter and divide its
frequency by 8. This digital division step is used to increase the phase-lock loop reliability
by decreasing the probability of cycle-slips occurrence. We beat the result against a ﬁxed
frequency reference made with a synthesizers referenced to the primary standards of the
laboratory. After low-pass ﬁltering, the error signal obtained is processed in an analog
corrector, implementing proportional gain plus multiple integrators, which acts, for high
Fourier frequencies to the optical pump power (via the 0 order AOM at 532 nm) and
for low Fourier frequencies (<1 kHz) on the piezo-electric actuator that tunes the length
of the femtosecond laser cavity. This realizes a phase-lock loop which connects the
repetition rate of the pulsed laser with the optical frequency of the cw laser via the
relation:
νcw −Ncwfrep
8
= fREF (1.2)
In practice, we do not necessarily use the comb mode nearest to νcw, but choose a beat-note at a frequency suﬃciently far from spurious or unwanted beat-notes to facilitate
its isolation from the rest of the signal. Because of this phase-lock loop, we therefore
connect two frequency domain of the electromagnetic spectrum separated by more than
5 orders of magnitude (radio-frequencies and optical frequencies), via an integer division
factor Ncw and a ﬁxed frequency shift fREF.It’s not necessary to precisely know f0, as this quantity is removed from the beat-notes by RF mixing. It is suﬃcient to ensure that the relative electronic and propagation
4The rule a thumb for phase lock-loops is that the signal-to-noise ratio of the beat-note used to
generate the error signal must be higher than ≈23-30 dB in a given bandwidth B to be able to phase-
lock with a unitary gain bandwidth of approximately B.
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Figure 1.2: Setup schematics of the Titanium-Sapphire based optical frequency comb
currently used at LNE-SYRTE for optical frequency measurements.
delays between f0 and the optical beat-note are small to provide f0 suppression on alarge Fourier frequency domain (normally larger than the bandwidth of the phase-lock
loop without particular precautions). After the optical beat-note is removed from f0,the resulting signal exhibits a spectral purity as good as that of the laser on which the
optical frequency comb is phase-locked. This is a consequence of the fact that the large
feed-back bandwidth achievable with the phase-lock loop (>400kHz) allows reaching the
narrow-linewidth regime, also called “ultra-stable” regime, in which the residual phase
noise from the loop itself is negligible and in which, consequently, every tooth of the
comb (virtually, once f0 is removed) possesses the same spectral purity as the opticalreference to which the comb is phase-locked. When the experimental conditions are
not met for reaching the narrow-linewidth regime (free-running noise of the laser too
high and achievable feed-back bandwidth too small), the modes of the comb exhibit a
linewidth basically identical to that obtained for the free running comb (even though
their central frequencies are very well locked to that of the optical reference, thanks to
the phase-lock loop.
Historically, the ﬁrst work at LNE-SYRTE (as well as other places) was realized in
the “multiplicative mode”, where the repetition rate of the laser is directly phase-locked
onto a radio-frequency (RF) reference derived from the microwave frequency standards
of the laboratory. The optical frequencies are then measured by realizing the beat-note
between the laser to measure and the nearest comb mode and counting the frequency of
this beat-note with an RF counter. This method, although easier to implement, since the
phase lock loop is much more robust, has the drawback of multiplying the phase noise of
the RF reference, when looking in the optical domain, as well as all electronic noises of
the loop. On the contrary, the method I described (“division mode”), which is currently
used for every comb in the laboratory, divides the noise of the optical reference (and the
electronic noises from the detection and the loop) to produce an RF signal (by detection
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of fref and its harmonics) of very low phase noise, that can be compared against thelaboratory’s primary reference with very high stability and accuracy. The ﬁnal optical
frequency measurement is therefore of much better quality.
1.2.2 Erbium-doped ﬁber based systems
1.2.2.1 Description of the lasers
The second generation of optical frequency combs at LNE-SYRTE uses a technology
mostly based of ﬁber optics with Erbium doping as an active medium. The core of
the systems is commercial-based, with heavy modiﬁcations by the LNE-SYRTE team to
make them reach the current state-of-the-art performance.
The mode-locked laser uses the non-linear polarization eﬀect, thanks to which a
convenient choice of orientation for birefringent intra-cavity wave-plates strongly favors
a pulsed mode operation. Although mostly ﬁbered, over a few centimeters the laser
cavity is realized in free-space, which is used to setup several actuators. Adjustment
of the optical path length of the cavity, and therefore the repetition rate frep can berealized coarsely with a motorized translation stage, ﬁnely with a piezo-electric ceramic,
both acting on the position of a mirror of the cavity, and very ﬁnely (but with a very
large feed-back bandwidth capability) with an intra-cavity electro-optic modulator that
acts as a voltage-tunable group delay. A coarse adjustment of f0 is also possible viaa motorized glass wedge in the cavity. This oscillator is pumped by high power diode
lasers at 980 nm, which are powered by constant current low-noise power supplies. The
femtosecond lasers produce pulses of 300 fs with a repetition rate of 250MHz and an
average optical power of 200mW (at the available ouput) [27].
The main advantage of these setups is a much improved reliability and long-term
maintenance-free operation. A mode-locked operation is typically obtained without
interruption or operator intervention for 3 to 6 months. Historically, such technology had
the disadvantage of a large noise in free-running operation (both amplitude and phase
noise), typically larger than Titanium-Sapphire based systems, mostly due the high
power pump diode lasers, relatively noisy compared to commercial solid-states 532 nm
pump lasers typically used for pumping Titanium-Sapphire lasers. Furthermore, the
relaxation times of the relevant transitions and gain saturation dynamics in the Erbium-
ﬁber medium are quite long, which prevent acting on the system with a large feed-back
bandwidth by modulating the pump power. A feed-back bandwidth of a few tens of kHz
is typically the maximum achievable (even with a carefully designed electronic phase
compensator), which normally prevents reaching the narrow-linewidth regime (of which
I have described the advantages for the Titanium-Sapphire systems).
We have resolved this issue by the addition of an intra-cavity electro-optic modu-
lator in the femtosecond laser cavity which produces a variable group delay that can
be adjusted via the control voltage. This actuator is an eﬃcient way to provide feed-
back onto the repetition rate of the laser with a large bandwidth, typically larger than
1.4MHz, which has proven suﬃcient to reach the narrow-linewidth regime. We have
realized a detailed study of the eﬀect of this actuator, in particular regarding the un-
avoidable cross-talks to the power or the f0 frequency of the femtosecond laser [28],which demonstrated the strong potential of this technique. Thanks to our partnership
1.2 Optical frequency combs at LNE-SYRTE 21
with the industry, this technology is now commercially available [27].
1.2.2.2 Phase-locking the comb onto a 1.5µm cw laser in the narrow-linewidth
regime
The phase locking and absolute frequency measurement chain of the ﬁber-based optical
frequency comb are described in Fig. 1.3. Part of the optical power from the femtosecond
laser is ﬁltered with an Optical Add and Drop Module (OADM - an interferometric
narrow-band ﬁlter from the optical telecommunication technology) centered at 1.54 µm.
The narrow band-passed component is combined with an ultra-stable laser at the same
wavelength (which is the reference oscillator for the LNE-SYRTE/LPL long distance
frequency reference transfer via optical link [29]). After RF ﬁltering, frequency division
by a factor 8, and mixing with a ﬁxed frequency reference (generated by a computer
controlled DDS - Direct Digital synthesizer), the beat-note signal provides the error
signal of the optical frequency comb phase-locking process. With a proportional plus
multiple cascaded integrator corrector, this signal is applied to the intra-cavity electro-
optic crystal of the femtosecond laser (for Fourier frequencies >5 kHz) and the piezo-
electric actuator that tunes its cavity length (Fourier frequencies <5 kHz). When the
loop is on, the optical frequency comb is phase-locked to the 1.54µm reference and
reaches the narrow-linewidth regime. The part of the spectrum that is not ﬁltered by
the OADM (approx. 70mW) is fully used to illuminate a fast and highly linear InGaAs
photo-detector (DSC40S HLPD by Discovery Semiconductor Inc.) which generates RF
components at the repetition rate and its harmonics.
Figure 1.3: Schematics of the setup of the Er-doped ﬁber based optical frequency comb
currently used at LNE-SYRTE for optical frequency measurements.
Another part of the femtosecond laser output is send to an Erbium-doped Fiber
Ampliﬁer (EDFA) followed by a Highly Non Linear Fiber (HNLF) which broadens the
spectrum to one octave (from 1µm to 2µm). A Periodically Poled Lithium Niobate
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(PPLN) doubling Crystal in waveguide geometry, followed by a photodetection of the
beatnote between the part of the spectrum near 2µm that is frequency doubled and
that near 1µm. This beatnote gives the f0 signal. Furthermore, part of the lightobtained near 1µm is also used to generate the optical beat-note of the comb with the
1062.5 nm ultra-stable laser which, after frequency quadrupling, is used to probe the
clock transition of the neutral mercury optical frequency standard experiment. Finally,
a part of the femtosecond laser output is sent to a second EDFA followed by a highly
non-linear ﬁber and a frequency doubler that provides some comb modes near 698 nm.
This last system allows the generation of an optical beatnote with the 698 nm ultra-
stable laser that is the probe for the clock transition on the two Strontium optical
frequency standards developed at LNE-SYRTE. After removing the f0 signal (or 2× f0in the case of the 698 nm beat-note), the 1062.5 nm and 698 nm signals are narrow-
linewidth (typically <1Hz) and are therefore easily ﬁltered and subsequently ampliﬁed
to have their frequencies measured with a dead-time-free, synchronous multi channel RF
frequency counter 5, referenced to the primary frequency standards of the laboratory.
The general setup schematics for the Er-doped ﬁber-based optical frequency comb at
LNE-SYRTE which is used primarily for optical frequency measurement is represented
on ﬁgure 1.3
1.2.3 Measuring the repetition rate
It is, of course, necessary to measure accurately and continuously the repetition rate of
the optical frequency comb against primary frequency standards. This allows to deduce
from the various frequencies of the optical beat-notes the absolute optical frequencies
being measured, as well as that of the optical frequency reference onto which the comb
is phase-locked. To do so, we use the higher harmonics of frep that are produced bythe fast InGaAs or GaAs photo-detector (depending on the laser, Er-doped ﬁber in the
ﬁrst case and Titanium sapphire in the second case). With narrow microwave bandpass
ﬁlters, we isolate, for the Titanium Sapphire based system, the twelfth harmonic of frepwhose frequency is close to 9.2GHz and mix it with an exact microwave reference at
9.185GHz derived from the primary frequency reference of the laboratory. The resulting
beat-note, whose frequency is close to 15MHz, is then mixed with a RF signal that is
also exact (i.e. derived from primary frequency references) but tunable (it is produced
with a computer controlled DDS), so as to obtain a frequency very close to 275 kHz (to
within 1Hz). This signal near 275 kHz is then multiplied by 200 to reach a frequency
of approximately 55MHz which is measured by the dead-time-free synchronous multi-
channel RF frequency counter. The frequency multiplication step is necessary in order
to use the counter as best as its performance allows. As a matter of fact, this device
exhibits a frequency resolution of 1mHz at 1 s measuring time which would correspond to
a resolution of only 10−13 on the measurement of the harmonic 12× frep, which is muchless than the available stability of the frequency reference available at LNE-SYRTE.
The multiplication step allows to measure in 1 s the 55MHz frequency signal with a
1mHz resolution, which is equivalent to measuring the 275 kHz signal with a “virtual”
resolution of 5µHz (at 1 s measuring time). Compared to the carrier at 9.2GHz, this
5FXE from Kramers-Klische company
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corresponds to a resolution of 5.4 × 10−16 which is compatible with the stability of
the 9.185GHz microwave reference. Indeed, this resolution is better than the expected
stability (at a few 10−15) of the microwave reference that is distributed throughout the
LNE-SYRTE laboratory and therefore doesn’t represent a limitation to the optics-to-
microwave frequency comparison in the laboratory. For the Er-doped ﬁber -based optical
frequency combs, the setup is similar, except that the thirty-sixth harmonic of frep isused, and that the mixing is realized with ﬁrst a ﬁxed and exact reference at 8.985GHz
then a tunable (and exact) reference near 15MHz to obtain a signal with a frequency
very close to 275 kHz
1.2.4 Determining the index of the comb mode
In order to measure the absolute optical frequency, one needs also to identify unequiv-
ocally the index N of the optical frequency comb that realizes the beat-note with the
cw laser to measure, as well as the various signs + or - in the arithmetic formulas that
gives the optical frequency νcw from the beat-note frequency and the repetition rate fre-quency. The frequency of the optical carrier νREF onto which the comb is phase-lockedis given by the relationship:
νREF = NREF × frep + 8× signREF × fREF (1.3)
Thus phase-locked to an optical cw reference, the comb allows to also measure other
optical frequency references ν(i)cw by isolating their beat-note signals against the nearestmode of the comb, and then mix it with f0 to remove this parameter from the equations:
ν
(i)cw = N (i)cwfrep + sign(i) × f (i)beat (1.4)
(note that equation 1.4 also holds for νREF = ν(0)cw by deﬁning f (0)beat = 8 × fREF andsign(0) = signREF).
Three complementary methods allow to determine the N (i)cw integers and the sign(i)quantities if the optical and microwave reference that are compared are suﬃciently stable
and/or previously known.
If the optical frequency to measure is known beforehand with an inaccuracy suﬃ-
ciently small compared to the repetition rate frep, the ﬁrst method simply consists in
direct identiﬁcation. Indeed, in this case, a single integer N (i)cw , and only one sign before
f
(i)
beat are compatible with the equation 1.4, which naturally solves the indetermination.This is the case, for example for the ultra-stable lasers at 698 nm and 1062.5 nm at LNE-
SYRTE (after their respective frequencies have been determined with other methods at
least once), whose frequencies do not change by more than 1.5MHz per year, i.e. more
than two orders of magnitude lower than the repetition rate of the Titanium-Sapphire-
based (approx. 767MHz) and Erbium-doped ﬁber-based (approx. 250MHz) optical
frequency combs.
The optical frequency drifts or the experimental tunability of other lasers in the
laboratory can make the a priori uncertainty of the optical frequency too large, in which
case other methods need to be used. First, the quantities sign(i) are generally quite easy
to determine by opening the phase-lock loop which sets up equation 1.3 and scanning
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slightly fREF while observing the direction in which the corresponding f (i)beat signals
are moving. To determine N (i)cw , a possible method consists in realizing two successivecomparisons between the optical frequency to determine and the microwave reference
by using two diﬀerent repetition rates frep,1 and frep,2. By measuring the frequency of
the beat-note between ν(i)cw and the mode N (i)cw of the comb, and then with the mode
N
(i)cw +M , where M is an integer easily deduced from the scrolling of the spectral lines
when going from frep,1 to frep,2. Thus, we can get N (i)cw from the relationship:
N = M
frep,1
frep,2 − frep,1 +
sign(i)2 × f (i)beat,2 − sign(i)1 × f (i)beat,1
frep,2 − frep,1 (1.5)
In most cases, the stability of these two measurements (limited by that of the optical
and microwave frequency reference), leads to an uncertainty much lower than 1 in 1.5
(note that increasing M reduces proportionally the stability requirement). The only
hypothesis necessary for this method to succeed is that the drift of the optical frequency
to determine is much smaller than frep,2 − frep,1. This condition is easily fulﬁlled in thelaboratory, where the frequency drifts of the laser to measure rarely exceed a few tens
Hz per second.
Finally, by looking at equations 1.3 and 1.4, one can see that the factors N can
be interpreted as the sensitivity of the relevant optical frequency to changes in frep.The third method, that we use regularly and have completely automatized, consists in
inducing voluntarily a change in frep while keeping the phase-lock loop that imposesrelation 1.3 closed. This is done by shifting by ∆ the value of fREF slightly (∆=1.8MHzin practice, a value limited essentially by two ﬁxed narrow-band ﬁlters used to isolate the
various beat-notes), which must be done by ramping it continuously (to prevent failure
of the phase-lock-loop 1.3, the ramping needs to be slow compared to the bandwidth of
the phase-lock loop). By averaging (after the ramping) for a certain time, we obtain a
repetition rate frequency value frep,+ with a given resolution. If fREF and frep vary inthe same direction, then signREF = −1 (and +1 in the other case). A second ramping of
fREF down by −2∆ and second averaging provides a symmetric measurement of frep,−.The value of NREF is obtained by the relation:
NREF =
⌊signREF × 2× 8×∆
frep,+ − frep,−
⌉
(1.6)
where the ⌊⌉ operator denotes the “round to nearest integer” function.
For ∆=1.8MHz, frep ≃ 250MHz, and NREF ≃ 8 × 105 (hence νREF ≃ 200THz,ie 1.5µm wavelength), a stability at the 10−15 level for the measurement of frep,+ and
frep,− is suﬃcient to reach a resolution much better than 1 on NREF (as calculatedby equation 1.6). At LNE-SYRTE, the very high stability of the microwave frequency
reference distribution system allow this level to be reached in typically 8 s averaging,
provided that the measurement at 8 s is dominated by, at most, ﬂicker frequency noise
process and not higher order processes which would prevent the Allan deviation of the
measurement to average down (with longer averaging times) like, in particular, linear
drifts.
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In practice, it is very often the case that optical frequency references exhibit linear
drifts of a few Hz per second that may prevent reaching a suﬃciently high resolution on
the measurement of the repetition rate. This issue is however easily solved, as this linear
drift is not a stochastic process on the considered time scale, by measuring this drift and
modifying equation 1.6 to take it into account. Speciﬁcally, if during the two averaging
periods, both the average values of frep,+ and frep,− are measured, but also their ﬁrstderivative with time f ′rep,+ and f ′rep,− and the average time of the two measurements t+and t−, the equation 1.6 is modiﬁed into :
NREF =
⌊ signREF × 2× 8×∆
(frep,+ − frep,−)− (t+ − t−)× (f ′rep,+ + f ′rep,−)/2
⌉
(1.7)
Such a way of taking linear drift into account could be further pushed to higher order
non-stochastic drifts (quadratic drifts and so on), but we have never experienced the
necessity for it at LNE-SYRTE.
The main advantage of this third method is that it can be easily automatized as it
doesn’t require the opening and closing of the comb’s phase-lock-loop. However, as the
value of the frequency shift ∆ that can be achieved is limited to a couple of MHz, this
method requires to be able to realize an optics-to-microwave frequency comparison with
a resolution of a few 10−15 in a time over which the frequency drifts remains predictable
(as for linear drift for example), ie a few seconds or minutes. This method is easy to
implement only in an institution where microwave frequency reference with an intrinsic
stability in the 10−15 range over these time constant is available (a cryogenic sapphire
oscillator frequency locked on a H-maser for example).
Finally, this last method is also applicable for determining the integers N (i)cw , as a
shift in the repetition rate ∆frep induces a shift of f (i)beat whose sign and amplitude allow
to determine sign(i) and N (i)cw .
1.3 Overview of my work on optical frequency measure-
ments
At NIST, I was involved in the work that led to the ﬁrst demonstration of a neutral atom
optical clock with an accuracy near 1× 10−16 in the context of a collaboration between
the team at JILA lead by Jun Ye and the team at NIST led by Leo Hollberg, Chris Oates
and Scott Diddams. My central contribution was on the development of a robust atomic
frequency standard based on neutral Calcium using a Ramsey-Bordé interferometric
interrogation scheme. Although this frequency standard setup is relatively old in its
design, and its performance in absolute accuracy is modest, its most prominent quality
is its robustness, ease-of use, and good short term (up to a few hundred seconds) stability.
Typically, after my few years at NIST, this setup was able to operate continuously for
days and weeks with minimal human supervision and provide long term stability as low
as 3× 10−16 at 200 s averaging time.
The robustness of the Ca clock comes primarily from the low number of lasers used
to operate it as only two lasers systems are used. One ultra-stable laser at 657 nm
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is used to probe the clock transition 1S0(4s2)(m = 0) −3 P1(4s4p)(m = 0) transitionof cold Ca atoms. The natural linewidth of this transition is 400Hz, which is quite
large compared to modern state-of-the-art optical lattice clocks (which typically use
eﬀective linewidths about 1Hz), but suﬃcient to provide a stability of the clock near
2× 10−15× τ−1/2 where τ is the integrating time. This laser is an extended cavity diode
laser frequency locked, with the Pound-Drever-Hall (PDH) technique on a high ﬁnesse
ultra-stable Fabry-Perot cavity. The phase sidebands for realizing the PDH are realized
with an EOM (ﬁnely aligned to minimize residual amplitude modulation). This master
clock laser injection locks a similar diode laser (although not in an extended cavity
conﬁguration) that provides (after switching and frequency shifting AOMs) 10mW of
power on the atoms. A second laser is used for laser cooling (Zeeman slower and magneto-
optical trap) the atoms down to 1mK temperature, using the 1S0(4s2) −1 P1(4s4p)transition at 423 nm. This cooling transition has a natural linewidth of 34MHz, which,
combined with the absence of sub-Doppler cooling eﬀect due to lack of ﬁne structure,
prevents reaching sub-mK temperatures but still allows very fast and eﬃcient cooling.
This laser is a 846 nm extended cavity diode laser frequency locked (PDH) on a highly
stable Fabry-Pérot cavity and frequency doubled in a periodically-poled lithium niobate
(PPLN) crystal in a resonant bow-tie cavity (also frequency locked to the input laser with
the PDH technique). As these frequency locks have much less stringent requirements
than that of the clock laser, the PDH sidebands (identical for both locks) are simply
realized by modulating the current driving the diode laser (which has the drawback of
producing substantial residual amplitude modulation -RAM-, whose eﬀect on the lock is,
however, much smaller than the natural linewidth of the cooling transition). All lasers
can be switched by single-pass AOMs before reaching the atoms, and the oﬀset between
the part of the 657 nm laser that probes the atoms and that which is used to frequency-
lock in on the reference cavity is controlled by a DDS. The clock transition probing
uses the Ramsey-Bordé method on the freely expanding atoms. The complete laser
cooling cycle and frequency-lock loop is controlled by a micro-controller which drives
the switches and DDS necessary to operate the full system. The full cycle duration is
5ms, including 3ms laser cooling (MOT) of the atoms. An important aspect of the Ca
clock is that its cycle is very short, which actually allows recapturing of the atoms from
the previous cycle during the laser cooling phase. This is an essential process for allowing
such a small cooling cycle (90 percent of the atoms are actually recycled for the next
cycle, the Zeeman-slowed newly captured atoms making the extra 10 percent in a stable
cyclo-stationary regime). A total of 6 × 107 atoms are laser cooled in the MOT, over
which only 20 percent are used in the Ramsey-Bordé interferometric process to produce
a clock error signal. This loss of eﬃcient atoms is due to the ﬁnite available optical power
at 657 nm, as the duration of the pi and pi/2 pulses in the Ramsey-Bordé interferometer
is inversely proportional to the light intensity and the width of the velocity class that
is resonant with these pulses is inversely proportional to this duration. In practice
the parameters of the Ca clock were all optimized for the highest stability and not for
absolute accuracy. In particular, the width of the Ramsey-Bordé beams are identical to
that of the MOT, which maximizes the amplitude of the clock signal for a given optical
power but renders the experiment more sensitive to residual wavefront curvatures and
drifts in the atomic velocity and density distributions.
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This device was used as a reference oscillator to evaluate the systematic errors of
a state-of-the-art lattice-trapped neutral Strontium clock at JILA, by use of a 4-km
long optical ﬁber link operating at 1064 nm wavelength and two optical frequency combs
(one at JILA and one at NIST) connecting this optical ﬁber link to the 657 nm (Ca
clock at NIST) and 698 nm (Sr clock at JILA) ultra-stable clock lasers (see ﬁgure 1.4).
By averaging many data points, each of them corresponding to an integration over 100 s
Figure 1.4: Schematic of the setup for the comparison between the neutral calcium clock
at NIST at the lattice-trapped neutral. The robustness and ease-of-use of the Ca clock
allows to use it as a local oscillator of high stability to evaluate the systematic errors of
the remote Sr clock.
(corresponding to a ≃ 3× 10−16 stability of the comparison between the JILA Sr clock
and the NIST Ca clock), the various systematic errors of the Sr optical lattice clock
were studied with a resolution below 1× 10−16, leading to a total budget uncertainty of
1.5×10−16, i.e. lower than the best existing microwave fountain clocks. This experiment
was reported in Science [9].
Although these NIST/JILA experiments demonstrated for the ﬁrst time absolute
accuracy of an optical lattice clock near 10−16, they didn’t provide an actual optical
frequency measurement of the Strontium clock transition at this level and didn’t realize
a link to primary frequency standards. At LNE-SYRTE a few years later, I was took
part in such an experiment, which was involving the absolute frequency comparison be-
tween two Strontium optical lattice clocks and the three atomic fountain clocks of the
laboratory (see ﬁg 1.5). This absolute frequency measurement campaign built upon the
collective work of many LNE-SYRTE projects over decades, and provides a ﬁrmly estab-
lished link between optical clocks and microwave clocks that enables a future redeﬁnition
of the SI second in terms of optical frequency cycles, (instead of the current microwave
based deﬁnition). This work was recently reported in Nature Communications [12]. It
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Figure 1.5: Schematics of the setup for the absolute frequency measurement of the Stron-
tium lattice clocks at LNE-SYRTE vs. the laboratory’s primary frequency references
(fountain clocks).
exhibits a total accuracy budget for the Strontium clocks of 1.1×10−16, and an accuracy
of the Sr clock transition measurement set by that of the combined microwave fountain
clocks at 3.1× 10−16 .
The dominant term of the accuracy budgets of these two optical clocks is the so-called
black-body radiation shift. This eﬀect arises from the emission of incoherent radiation
from the atoms’ experimental environment (which is near room temperature). Indeed,
the blackbody radiation spectrum at 300K is broadband and centered at 9.7µm (as is
well known from the Wien law). This radiation couples to the atomic transitions to
shift the energy levels, including the ground and excited state of the clock transition.
This results in a ﬁxed frequency oﬀset between the zero-temperature frequency and
the measured frequency, which depends on the actual temperature environment expe-
rienced by the atoms. The temperature of the apparatus surrounding the atoms, and
most particularly the gradients are diﬃcult to know with an accuracy much better than
a degree, which produces an accuracy limit of the black-body radiation correction (near
0.8 × 10−16 for JILA and SYRTE Sr clocks). To decrease this eﬀect, a possibility is to
design carefully controlled thermal enclosures for the atoms, or even cryogenic environ-
1.3 Overview of my work on optical frequency measurements 29
ments. An alternative (or complementary) route is to use atoms with lower sensitivity to
the black-body radiation shift. Along theses lines, a neutral mercury experiment is being
designed at LNE-SYRTE, for which several measurement campaigns have been realized
with the optical frequency combs. The idea behind using the mercury atom is that the
clock ground and excited states are less coupled to the 300K blackbody radiation than
in the case of Strontium. In a nutshell, this is due to the fact that the strongly allowed
(electric dipole) transitions from these levels are all in the UV domain, while many are in
the visible domain for Strontium and therefore are coupled more strongly to the 9.7µm
radiation from the environment. The drawback of using such an atomic specie is that
its laser-cooling transitions are also in the UV range which makes the laser-cooling and
trapping challenging. Therefore, only a couple of groups in the world currently develop
such an optical clock.
The group at LNE-SYRTE has pioneered work using this atom for optical clock ap-
plication, which has led to the ﬁrst observation and measurement of the clock transition
(reported in Physical Review Letters [13]) in freely expanding laser cooled atoms, the
ﬁrst realization of a lattice trapping and subsequent accurate determination of the clock
transition in neutral mercury (reported in Physical Review Letters [15]). The current
apparatus realizes a frequency stability of 5.4 × 10−15/τ−1/2 [18] and an absolute ac-
curacy at 5.7 × 10−15 [17]. The currently limiting contribution to the accuracy budget
is the precise determination of the magic wavelength (i.e. the lattice trapping wave-
length which doesn’t perturb the clock transition) for the mercury atom, which should
improve in the future with larger available lattice trapping potential depth. The current
blackbody radiation shift component of the accuracy budget is not a limiting factor
to the current evaluation (1.6 × 10−16), and, in any case, has yet a lot of margin for
improvement.
The current capability of the comb to measure optical frequencies, in stability or
accuracy largely exceeds any current and future requirement of optical and microwave
clocks. In this context, the future evolution of the research on the optical frequency
comb measurement capability will be to go towards the “operational” level, by which
I mean a stand-alone operation without human supervision for long periods of time
(weeks, months, at least). This capability will be important in the future, where the
optical clocks are expected to replace the microwave fountain as primary frequency
standard and, therefore, be at the heart of national and international timescales. In
such conﬁgurations, operation of the optical clocks and the frequency comb that tends
progressively to 24/24 h , 7/7 d all year long will become a stringent technical requirement
that will need to be addressed. In this context, the expertise and extensive use of
ﬁber-based frequency combs, that can typically operate in mode-lock regime for months
without human supervision, is a strong asset of the LNE-SYRTE laboratory.
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C H A P T E R 2
New applications of frequency
combs in the microwave domain
Dear lord, thank You for this microwave bounty
even though we don’t deserve it
Dan Castellaneta (1957-), American actor, voice actor (Homer Simpson),
comedian, singer and screen writer, in “The Simpsons” season 1 episode 4
Optical frequency combs realize a phase coherent link between the optics domain and the
microwave domain [30, 31]. As such, they generate microwave signals the performance of
which, in term of noise, can be, in principle, serious competitors for the existing purely
microwave technology. Although the science of low-noise microwave is quite ancient (it
stems mostly from the development of RADAR applications during the second world
war...), it’s still attracting attention and research eﬀorts nowadays, due to the numerous
domains of applications requiring high performance microwave sources and processing
tools. This chapter describes the several years research eﬀorts that we have conducted
at LNE-SYRTE is this domain.
The original interest for this topic at LNE-SYRTE came from the microwave fre-
quency metrology research, where the Laboratory’s primary standards (atomic fountain
clocks) are using a cryogenic sapphire oscillator [32] based system to probe the atoms
[33, 34]. As this cryogenic system is very high cost of operation and maintenance con-
suming, it appears, in the context of ever increasing operational requirements, that
developing an alternative microwave source from opto-electronic technology is an im-
portant goal, in order to increase redundancy and cost-eﬀectiveness. The ﬁrst section of
the chapter describes the experiment we have carried out to demonstrate this capability.
Beyond their applications for primary microwave frequency standards, low phase-
noise microwave sources can have a wide range of applications in scientiﬁc, civil and
military ﬁelds. For example, they can provide ultra-low timing jitter synchronization
capabilities for particle accelerators, Very Long Baseline Interferometry (VLBI) radio-
astronomy facilities and be used in deep-space navigation networks. They are raising
interest in the telecommunication industry for higher transfer rates and time-stamping
accuracy. The civil and military RADAR companies are also in the search for alternatives
or better microwave sources to improve the directivity in noisy multi-echo environments.
I begin this chapter with a general overview on phase noise and present a few diﬀerent
techniques to measure it. I proceed by describing the results that we have obtained so
far for very high performance low-phase noise comb-based systems.
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2.1 Phase and amplitude noise of an oscillator, mathemat-
ical deﬁnitions, properties and measurement in the mi-
crowave domain
A real-world oscillator produces a quasi-periodic signal s(t) that can be described by the
equation
s(t) = A0 · [1 + α(t)] · cos[2piνt+ φ0 + φ(t)] (2.1)
where t is the time, ν the carrier frequency, A0 and φ0 the “static” amplitude and phase,while α(t) and φ(t) are stochastic functions representing, respectively, amplitude and
phase ﬂuctuations.
The phase noise power spectral density Sφ(f) is deﬁned, mathematically, as
∀f ∈ R, Sφ(f) ∆= lim
T→∞
E
[|ΦT (f)|2]
2T
(2.2)
where E[] is the statistical expectation value operator and the ΦT (f) are the Fouriertransforms of the truncated functions φT deﬁned as
∀f ∈ R, φT (t) ∆=
{
x(t) for |t| ≤ T
0 for |t| > T (2.3)
which are square-integrable (and therefore do have a Fourier transforms ΦT (f))
∀f ∈ R,ΦT (f) =
∫ +∞
−∞
φT (t) · exp(2pift) dt (2.4)
As φ(t) is expressed in [rad], Sφ(f) is expressed in [rad2/Hz] (and ΦT (f) in [rad.s]). For
φ(t) a stochastic stationary function of time (i.e. its self-correlation R(τ) = E[φ(t) ·
φ(t + τ)] doesn’t depend on the time t, only on the time diﬀerence τ), the Wiener-
Khintchine theorem states that, equivalently, Sφ(f) = ∫ +∞−∞ R(τ) · exp[2pifτ ]. In thiscase, as φ(t) is real, R(τ) is real and of even parity, thus Sφ(f) is real, positive and ofeven parity. Without loss of information, in the literature, the one-sided power spectral
density SOSφ (f) is therefore rather used. This quantity is deﬁned as
∀f ∈ R+, SOSφ (f) = 2 · Sφ(f) (2.5)
Without further precision, in the rest of the manuscript, all power spectral densities of
phase must be understood as one-sided. A further concept, widely used in the literature
(and de-facto standard for manufacturers speciﬁcations), is the single-side-band (SSB)
power spectral density L(f), deﬁned as L(f) = SOSφ (f)/2. Note the term “single-side-band” should not be confused with the term “one-sided”. This concept arises from early
(obsolete) deﬁnitions, based on measurement of s(t) (understood here as a signal of
electrical nature) on a spectrum analyzer with resolution bandwidth fRBW. In the caseof negligible amplitude noise (α(t) ≃ 0) and suﬃciently low excursion of phase φ(t) 1,
the phase noise SOSφ (f) appears, in such a measurement and for ν >> f >> fRBW as
1The “suﬃciently low” condition is mathematically expressed here as ∫∞
f
SOSφ (f) df < 0.1 rad2
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two symmetric components at frequencies ν + f and ν − f around the carrier peak (of
which the central frequency is of course ν). A single one of these two components (for
instance at ν + f), normalized by the power in the carrier peak (at ν) and the RBW
fRBW corresponds to L(f) while the sum of them corresponds to SOSφ (f). In logarithmicunits (which is the most usual representation of noise power spectral densities), the
(one-sided) phase noise PSD Sφ(f) is expressed in dB(rad2)/Hz (this unit being theresult of the mathematical expression 10 · log10[SOSφ (f)], while the SSB phase noisePSD is expressed in dBc/Hz (this unit being the result of the mathematical expression
10 · log10[SOSφ (f)]− 3dB).Similarly, with the same notation conventions, the amplitude noise power spectral
density Sα(f) is deﬁned as
∀f ∈ R, Sα(f) ∆= lim
T→∞
E
[|AT (f)|2]
2T
(2.6)
where the AT (f) are the Fourier transforms of the truncated functions αT (t). Theone-sided amplitude noise power spectral density SOSα (f), and the SSB amplitude noise(expressed, in logarithmic unit, in dBc/Hz) are deﬁned similarly to that of phase noise.
The use of the same unit to describe SSB amplitude and phase noise power spectral
density is not accidental. It arises from the observation of the power spectrum of s(t)
on a spectrum analyzer (with s(t) a signal of electrical nature). For a signal s(t) with
negligible amplitude noise the sidebands from the carrier directly represent phase noise
components. For a signal s(t) with negligible phase noise, they represent amplitude
noise components. For a signal where neither amplitude nor phase noise is negligible,
the sidebands are the sum of these two noise components (which may add incoherently or
even coherently if there is a non-vanishing correlation between φ(t) and α(t), in which
case the right and left sidebands become asymmetric). Building a measuring device
solely sensitive to amplitude or phase noise can be non-trivial in this general case and
great care must be taken to realize a meaningful measurement.
In the microwave (or radio-frequency) domain, the most standard way of measuring
the relative phase noise [35] between two oscillators is to set them at the exact same
frequency and in quadrature phase, and mix them on a double-balanced microwave
mixer with the input powers according to the mixer speciﬁcation (typically 7 dBm on
the “local oscillator” -LO- port and 0 dBm to 7dBm on the “radio-frequency” -RF- port
for a typical mixer, said to be of “level 7”). In this conﬁguration, the voltage noise at
the output is proportional to the relative phase noise between the oscillators. If the two
signals are set in phase, the output voltage ﬂuctuations are proportional to the amplitude
ﬂuctuations of the signal applied to the RF port. In phase detection conﬁguration, the
proportionality coeﬃcient depends on the actual microwave powers on the mixer input
ports (LO and RF) and is easily calibrated by setting two oscillators on the LO and
RF ports with identical powers to that used in the real measurement, but operating at
slightly diﬀerent frequencies and measuring the slope of the resulting beat note when
it crosses 0 (i.e. at quadrature). The unavoidable small mismatch between the fast
diodes that compose the mixer are responsible for an input-amplitude-dependent oﬀset
in the output voltage that causes a small amplitude noise to phase noise conversion
process [36]. For typical double-balanced mixers, this technique is, however, relatively
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insensitive to amplitude noise as it provides typically 20-30 dB isolation from it. For
microwave sources with amplitude noise 20 dB or more over their phase noise, this point
must be carefully considered2.
Any microwave device exhibiting non-linearities (like a double-balanced mixer, or an
ampliﬁer working at an output power not negligible compared to its 3 dB compression
point) exhibits 1/f ﬂicker phase noise which is an important part of its speciﬁcations when
one has to make a choice for a speciﬁc application. For measuring phase noise close to
the carrier, this ﬂicker phase excess noise can be a strong limitation. One solution to
get rid of it is to realize a carrier suppression scheme [37, 38]. The idea is to set the
two microwave sources to be compared at exactly the same frequency and send them
at the two input ports of a hybrid junction (the microwave equivalent of a 50/50 beam
splitter in optics). Fine tuning of the amplitudes and phases provides exact cancellation
of the signal at one of the outputs of the hybrid junction (carrier suppression) except
for the very small ﬂuctuations arising from amplitude and phase noise of the sources.
Subsequent ampliﬁcation and demodulation of these small ﬂuctuations using a mixer
provides a measurement devoid of the 1/f excess noise limitations (since the ampliﬁer
and mixer operate with powers much smaller than their compression points). To realize
phase detection, the demodulation is realized with the mixer fed on its LO port with
a signal at the carrier frequency of normal amplitude (7 dBm for a level 7 mixer) and
phase quadrature (with reference to one of the sources to measure), while the small
ﬂuctuations (carrier suppressed) signal to demodulate is applied on its RF port. Note
that the intrinsic phase noise of this demodulating signal at the LO port doesn’t perturb
the measurement, as it’s in common mode between the two sources at the input of the
hybrid junction. Usually, this demodulating signal is conveniently obtained from the
second output of the hybrid junction (where the two sources do not cancel each other
but build up coherently) suitably ampliﬁed and phase-tuned.
Other advanced techniques exist for measuring phase noise in the microwave domain3,
but the two described here were suﬃcient for the several experiments that we have
realized at LNE-SYRTE with optical frequency combs as low phase-noise microwave
sources over the last few years.
2.2 Low phase noise microwave sources and optical fre-
quency combs
The idea behind obtaining a very low phase-noise microwave source from an optical
frequency comb is quite simple. When phase-locked to a state-of-the-art cw optical
reference, as that realized by a laser frequency locked on a high-ﬁnesse ultra-stable
Fabry-Perot cavity, the repetition rate of the femtosecond laser is a down-converted
2Some solution still exist, as there are - normally slightly away from quadrature - phase diﬀerence
points where the mixer provides inﬁnite rejection of amplitude noise. Using the mixer near these points
therefore allows good phase noise sensitivity with very low amplitude noise sensitivity. As these “magic”
points are device-speciﬁc and extremely input microwave power dependent, using them should be con-
sidered a last resort solution, to be implemented only by experienced microwave metrologists.
3In particular, the cross-correlation technique [36] is likely to be used in our future experiments when
very low white noise ﬂoor measurement capability (beyond our current capabilities) will be required.
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image of the optical frequency of the cw laser. Mathematically, the phase noise of a
source is decreased in frequency division process. More precisely, if the frequency is
divided by N , the phase noise (in logarithmic units) is decreased by −20 · log(N). This
is because the time jitter is identical, whereas the carrier period is decreased, hence the
mathematically decreasing phase noise. The frequency division process from the optical
domain (near, for instance 200THz for a 1.5µm cw laser) and the microwave domain
(near, for instance 10GHz for the 40th harmonics of a 250MHz repetition rate Er-doped-
ﬁber comb of the kind described in chapter 1), provides a division by N ≃ 20000, i.e.
a mathematical reduction of the phase noise by 86 dB ! A state-of-the-art cw optical
reference using a high-ﬁnesse ultra-stable Fabry-Perot cavity [39, 40, 41, 42, 43, 44]
exhibits low phase noise in the 0.1Hz to 100 kHz Fourier frequency range and beyond,
which, once mathematically frequency divided by 20000, can be as low as -105 dBc/Hz
at 1Hz and -175 dBc/Hz at 10 kHz from a 10GHz carrier (see typical exemple in ﬁg 2.1).
This compares favorably with any existing microwave source existing to-date from other
technologies ([45, 46, 47, 48, 49].
  
Figure 2.1: The phase noise power spectral density of a typical Fabry-Perot stabilized
ultra-stable laser at 1.5µm wavelength, mathematically divided to a carrier frequency
of 10GHz. The actual frequency comb that is making the “real-world” division process
is adding extra phase noise to this mathematical limit that needs to be minimized.
Close to the carrier, the best microwave sources to-date are cryogenic sapphire oscil-
lators (of the kind currently used at LNE-SYRTE for the microwave fountain clocks, or
using a close-cycle cryogenic system for lower operation cost [45, 46]) that exhibit phase
noise at 1Hz from a 10GHz carrier of -100 dBc/Hz comparable with the performance
of our opto-electronic system. Further from the carrier, cryogenic sapphire oscillators
38 Chap 2 - New applications of frequency combs in the microwave domain
suﬀer from reduced microwave power in the resonator, and room temperature sapphire
oscillators exhibit lower phase noise, although their close-to carrier performance is rather
poor (typically -60 dBc/Hz at 1Hz). The availability and price of both these technologies
are however highly problematic for the application that require them4. The last existing
technology for low-noise microwave source is the opto-electronic oscillator (OEO) [49],
which is commercially available with a very low footprint (approximately 1 liter) and ex-
hibits a phase noise about -160 dBc/Hz in the 1 kHz-10 kHz Fourier frequency range from
a 10GHz carrier, which is particularly important in radar applications. Their close-to
carrier performance (about -40dBc/Hz at 1Hz) is however quite poor and they exhibit
strong phase noise resonant harmonics in the 10kHz-1MHz Fourier frequency range, at
best reaching -40dBc/Hz, that can be the source of serious complication for many ap-
plication. Comb-based systems, on the other hand, have the capability to oﬀer both
close-to-the-carrier and far-from-the-carrier extreme performance with one single device
with a system that, we believe, can be reasonably robust and industrially packaged in a
volume of a few liters.
Of course, in practice, the frequency division process that generates microwave signals
from optical reference with a comb is not perfect and produces additive phase noise. We
have worked extensively over the years to reduce this to a minimum, which requires a
good understanding of the physics behind this process.
2.3 Application to fountain clocks and ﬁrst experiments
Our primary goal when beginning to explore this technology was based on the fact that
using such advanced devices proved necessary to reach the Quantum Projection Noise
(QPN) limit of these frequency standards, i.e. a regime where the stability performance
is solely imposed by the number of probed atoms, and not by the phase noise of the
microwave source used to probe the atoms. Our ﬁrst experiments trying to generate
a microwave signal from an optical frequency comb phase-locked to an ultra-stable cw
laser already produced signals with suﬃcientl low phase noise for this application. These
experiments are reported in [50]. See also [51] for comparable work performed at the
PTB in Germany. Brieﬂy, an Erbium-doped ﬁber-based optical frequency comb is phase
locked to a 1542 nm ultra-stable cw laser. The repetition rate of the femto-second laser
was tuned such that the 48th harmonics is close to 11.932GHz. This frequency was
chosen because it corresponds to that of the free-running Cryogenic Sapphire Oscillator
of the laboratory ( that is used normally as the source of the frequency chain that probes
the atoms in the fountain clocks at LNE-SYRTE). The direct photo-detection of the
pulse train, microwave narrow-band ﬁltering near 11.932GHz and transfer over the few
hundred meters between the diﬀerent laboratories via an amplitude-modulated optical
carrier ﬁber link similar to that described in [52] provided a microwave signal directly
suitable to replace the cryogenic sapphire oscillator (CSO) in the frequency chain. We
demonstrated that this very ﬁrst proof-of-principle experiment was indeed providing
a microwave source with suﬃciently low phase-noise to operate the fountain clocks in
4Although companies now exist that sell each of these two technologies, one for each [47, 48], the
price of a single device is in the 300 kerange in 2013, and the room temperature Sapphire systems are
now produced, to our knowledge, exclusively for Raytheon integrated radar systems
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the QPN limit, therefore providing a suitable and credible alternative microwave source
for this application. The project of making these systems suﬃciently reliable for an
operational task requiring near to continuous autonomous operation over months with
minimal intervention is still under process, but should lead to the replacement of the
CSO as the core of the atomic primary frequency standards microwave chain in the next
few years.
Figure 2.2: Circles: Fractional frequency instability (Allan standard deviation) vs in-
tegration time of the microwave signal generated by the ﬁber-based optical frequency
comb (FOFC) against the cryogenic Sapphire oscillator (CSO) at 11.932 GHz. Triangles:
FOFC vs titanium Saphire based optical frequency comb(TSOFC). Diamonds: FOFC
locked onto the FO2 atomic signal, compared against the CSO, quadratic drift removed.
The latter instability scales as 3.5× 10−14τ−1/2 (dashed line).
To evaluate the intrinsic limit of our comb system without the possible limitation
from the cw laser itself (or the microwave ﬁber transfer used in the previous experiment),
we have realized a diﬀerential measurement, in collaboration with the FEMTO-ST lab-
oratory (Besançon, France), where two quasi identical combs were phase locked on the
same cw reference (and with the same mode index, therefore producing two identical
frequencies microwave signals). A microwave phase noise measurement system based
on a simple double balanced mixer set at quadrature, assuming equal contribution of
the two combs, allowed characterization of the additive phase noise produced by our
comb-photo-detection system. The result were published in [53] and were exhibiting
diﬀerential microwave phase noise of -105 dBc/Hz at 1Hz from the 11.55GHz carrier.
The carrier frequency was chosen here only for narrow microwave ﬁlter immediate avail-
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ability, and other similar frequencies would lead to similar results. Note that the phase
noise far from the carrier (in the 100Hz-100 kHz range) was, at that time, limited by
the lack of fast actuators on the repetition rate, as the intra-cavity EOM technology was
not yet developed.
2.4 Copying the cw laser spectral property on a large Fourier
frequency range
Even though the ﬁrst experiment we realized did exhibit very low phase-noise close to the
carrier, the performance above 10 kHz of Fourier frequencies was limited by the low feed-
back bandwidth achievable with piezo and/or pump diode current modulation actuators
on the repetition rate of the femtosecond laser. We have developed two techniques to
overcome this limitation.
2.4.1 Feed-forward technique
In the ﬁrst technique, developed before we implemented intra-cavity EOM with high
feed-back bandwidth capability, we were using a voltage-controlled phase shifter (VCPS)
on the generated microwave source. The idea is that even though the feed-back band-
width achievable at that time was limited, the measured error signal of the phase-lock
loop contains the information about how much residual phase error should have been
corrected, had the feed-back bandwidth been larger. Multiplying this in-loop phase
error by the suitable factor and applying it to the VCPS, the residual phase error is
“post-corrected”. This method proved useful to reduce the microwave phase noise in
the 100Hz-100 kHz Fourier frequency range to below -130 dBc/Hz [54]. This “post-
correction” technique is not a feed-back process, in that its eﬀect depends directly on
the exact value of the multiplying factor (and the phase of the correction signal), while,
for a feed-back process the exact value of the gain of the loop is, up to a certain point, not
an essential parameter. As the multiplication factor was realized with analog electronics
and pre-determined via calibration of the radian-volts correspondence of the VCPS and
the phase detector of the combs phase-lock loop, it was diﬃcult to realize an accuracy
much better than 10 percent on the multiplication factor, implying a reduction of in-loop
phase noise by 20 dB at best.
2.4.2 Intra-cavity EOM
In a second time, along with our collaborators at MenloSystems GmbH, we implemented
an intra-cavity EOM, which acts as a voltage-controlled group delay actuator thereby
allowing fast feed-back bandwidth on the repetition rate of the femtosecond laser. We
were able to realize unitary gain bandwidths of more than 1MHz with this system. At
such large bandwidths, great care must be taken with the electronics of the phase-lock
loop. In particular, the narrow band-path ﬁlters used to isolate the various beatnotes
from the neighboring peaks must be set as large as possible to keep the corresponding
group delay of the ﬁlter as low as possible. Also, carefully designed electronics using
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very high gain-bandwidth products and low group delay operational ampliﬁers must be
used.
A particular concern that arises with the introduction of an intra-cavity EOM is
that of cross talk to other parameters of the comb than its repetition rate, which must
be reduced ideally to minimum, and at least, at a level where it doesn’t impact the
microwave generation. We have characterized these cross talk coeﬃcients thoroughly
and showed that it will not be a limitation to microwave generation down to a very low
level (see [28]). In particular, the small action of the EOM actuator to the laser output
power may lead, through amplitude-phase conversion process in the photo-detection,
to additional microwave phase-noise and this cross-talk must therefore be veriﬁed to
be small. Another eﬀect is the small coupling of the EOM to the f0 carrier-envelopoﬀset frequency of the comb. Whereas the f0 signal is removed from the beat-note withthe reference cw laser before producing the error signal of the comb phase-lock-loop, a
particularly subtle eﬀect arise if the dynamics of the EOM to frep and EOM to f0 actionare substantially diﬀerent (which is indeed often observed to be the case, the coupling
to f0 being typically mediated via polarization/amplitude and therefore limited by therelaxation dynamics of the laser exhibiting low-pass behavior with bandwidths of a few
tens of kHz). In such a case, the coupling of the EOM to f0 must be signiﬁcantly smallerthan that of the EOM to N×frep (N being the index of the comb mode which is locked tothe cw reference), otherwise, at Fourier frequencies where f0 and N × frep have diﬀerentresponse dynamics, the response of the comb to EOM actuation is a complex combination
of that of f0 and frep, which we observed to produce a strong decrease in the achievablephase-lock-loop bandwidth. A careful alignment of the EOM crystal principal axis on
the incident polarization is however suﬃcient to reduce these cross-coupling eﬀects to a
low enough level.
2.5 Limiting the eﬀect of amplitude phase conversion
One eﬀect that we, as well as colleagues at NIST, identiﬁed early as a strong limitation
to the phase noise performance achievable, at least close to the carrier, is the conversion
of amplitude noise of the femtosecond laser into microwave phase noise that occurs in
the photodetection process. We have successfully implemented two techniques to reduce
the impact of this eﬀect.
2.5.1 Active stabilization
We have successfully demonstrated the strong gain achievable, close to the carrier, by
implementing an amplitude servo-locking of the optical power impinging the pulse-train
detection photo-diode. We have implemented an amplitude stabilization by measuring
the DC output of the microwave signal generating diode. The feed-back was applied
either on a zero-order ﬁbered AOM set as a controllable amplitude modulator in front
of the microwave-generating photo-diode, or directly on the driving current of the pump
diode laser of the femto-second oscillator. In collaboration with FEMTO-ST, we have
realized a diﬀerential measurement to characterize the achieved reduction in microwave
phase noise. The results were reported in [54], where we demonstrated a record low
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phase noise of -120 dBc/Hz at 1Hz from a 11.55GHz carrier suﬃciently low to transfer
any present-day cw ultra-stable reference into the microwave domain. Measuring such
a low level of phase noise close to the carrier required developing and implementing a
microwave carrier suppression scheme adapted to the pulsed nature of the microwave
signal that is produced immediately after the photo-diode.
Interestingly, we have observed that, for time scales longer than 1 s (which are tra-
ditionally characterized by the Allan standard deviation rather than the phase noise, as
this metric requires substantially less time to evaluate with a small error bar), the results
we obtained were better in the case where the active power stabilization was acting on
the pump of the oscillator than on an AOM before the photo-detection process. Indeed,
the diﬀerential Allan variance typically exhibits a plateau between 1Hz and 10Hz (while
a τ−1 behavior is expected for a ﬂicker-phase noise dominated measurement). Although
we haven’t yet pursued the detailed study of this phenomenon, we can speculate that
the reduction of pump power noise that is likely to occur in the second technique (as
this noise correlates strongly to the laser’s output amplitude noise) makes the spectral
phase properties of the femto-second laser pulses more stable in time, which may impact
the optical-microwave phase relation imposed by the comb main servo-loop. Expressing
the stability of the microwave generation process in terms of time deviation, this second
technique implies a synchronization stability between the optical and microwave domain
signiﬁcantly below the 100 as level for time scales between 1 s and 1000 s.
Figure 2.3: Fractional frequency stability (FFS) measured by Allan standard deviation
(left scale) and time deviation (TDEV, right scale) for a single optics-to-microwave
ﬁber-based optical frequency comb system. Top solid line: FFS with power stabilization
on acousto-optic modulator; diamonds and circles, respectively, FFS and TDEV with
power stabilization on pump current control; bottom continuous line: FFS ﬂoor of the
measurement system. The error bars, when not visible, are smaller than the size of the
marker.
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2.5.2 “Magic points” of the photo-diode
Although the active stabilization technique proved very eﬃcient to reduce phase noise
close to the carrier, the limited achievable feed-back bandwidth (both with the AOM
technique or the pump diode feed-back) makes it quite ineﬃcient for Fourier frequencies
larger than a few tens of kHz. Fortunately, a careful study of the photo-detection process
that generated the microwave signal led us to discover the existence of “magic points”:
experimental conditions for which the amplitude-phase conversion process was exactly
vanishing for a given harmonics of the photo-detected repetition rate. The experimental
and simple theoretical analysis of this eﬀect is reported in [55]. Work along the same
line, carried out by our colleagues at NIST, is reported in [56].
Figure 2.4: Time response of photo-diode HLPD from Discovery semiconductor for
various optical energies per pulse (from bottom to top: 3.2, 6.4, 12.8, 19.2, 25.6, 32,
38.4, 44.8, 51.2, 57.6 and 64 pJ/pulse)
Brieﬂy, when reaching the onset of saturation in a pin photo-diode, the space charge
screening eﬀect is responsible for a decreasing of the velocity of carriers in the intrinsic
part of the pin junction. When the photo-diode is illuminated with pulses from a fem-
tosecond laser (therefore much shorter in time than the inverse of the bandwidth of the
photo-detector), at low energy per pulse, the space-charge screening is negligible and
the resulting electrical pulses are narrow peaks, of which the duration is imposed by the
bandwidth of the photo-diode. When the energy per pulse is getting closer to satura-
tion, the electric response becomes asymmetric, with a fast rising followed by a slower
decrease to zero. This asymmetry is responsible for the amplitude phase conversion
eﬀect. However, for higher harmonics of the repetition rate, this non-linear eﬀect makes
the amplitude-phase conversion factor alternate between positive and negative values for
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increasing energy per pulse. Therefore, for speciﬁc combinations of optical energy per
pulse, temperature and bias voltage, one gets annihilation of the amplitude-phase con-
version eﬀect which is of strong interest for low phase noise microwave generation. Most
particularly, this annihilation is valid for any Fourier frequency. Using such “magic
points” is therefore a more powerful technique than an active stabilization of power,
which is necessarily realized over a limited bandwidth. The microwave amplitude noise,
however, is not removed by this technique, which may be troublesome for some applica-
tions, and should be considered when measuring the phase noise with a technique that
exhibits a ﬁnite rejection of the amplitude noise.
Figure 2.5: Amplitude to phase conversion coeﬃcients obtained for the HLPD photo-
diode at various carrier frequencies. Only the absolute value of the coeﬃcient is plotted.
The temperature is servo-ed at 19 °C and the bias voltage at 9V
.
2.6 Increasing the signal to-noise ratio
The ultimate limit of low phase noise generation at Fourier frequencies where the ﬂicker
limit is no longer an issue is the white phase-noise plateau arising from the limited signal-
to-noise ratio of the microwave signal. The signal level is imposed by the optical power
impinging the photo-diode, the quantum eﬃciency of the detector and the saturation
eﬀect which limits the microwave power even for increasingly large illumination. The
white microwave noise background comes from two possible sources:
The thermal noise(or Johnson-Nyquist noise) is due to the ﬁnite temperature of
resistors in the electric circuit which implies a random movement of the electrons that
produce a “white” voltage noise of variance v¯2B = 4kBTR∆f , with R the resistance
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(in Ohm), T the temperature (in Kelvin), ∆f the measurement bandwidth and kBthe Boltzman constant. This voltage noise is normally considered to be shared equally
between amplitude noise and phase noise. For an matched impedance source/load pair
at room temperature, the thermal noise has a power spectral density of -174 dBm/Hz
(independent of the actual impedance), which induces an additive phase noise on the
microwave signal of -177 dBm/Hz. The calculated thermally-induced noise must be
normalized by the carrier microwave power to give the corresponding phase noise limit
(removing 3 dB to get the L(f) single side-band limit in dBc/Hz). In other words, a
0 dBm microwave signal in an impedance matched circuit cannot possibly have a phase
noise lower than -180 dBc/Hz at room temperature. In practice, all microwave devices
(ampliﬁers and mixers in particular) are characterized by a “noise ﬁgure” which gives
the excess white phase noise plateau that arises on top of the mathematically calculated
thermal noise from the particular implementation of the device (a few dB typically for
a good ampliﬁer). The cumulated noise ﬁgures of the equipment rapidly increase over
this “mathematical” limitation. Increasing the signal’s amplitude of the source (without
using ampliﬁers, which also amplify the noise...) is the best way to decrease this white
phase noise limit.
The second source of white phase noise is the shot noise, arising from the ﬁnite
number of electrons transporting the signal and their associated Poissonian statistics.
For a long time, the community has used the stationary shot-noise expression, obtained
for a cw light illumination, as an estimation of the shot-noise limit for the microwave
generation with a femtosecond laser. This leads to an estimation of the shot-noise limited
phase noise power spectral density of
L(f) = eIavgR
8Pnfrep
(2.7)
where e is the electron charge, Iavg the average photo-current, R the impedance of thecircuit (typically 50 Ohms) and Pnfrep the measured microwave power at the desiredharmonics. However, very recently our colleagues at NIST pointed out that the real
shot-noise limit to be considered was diﬀerent (and possibly much lower), due to the
cyclo-stationary nature of the photo-current and the corresponding correlations in the
statistics [57, 58]. In the case of a gaussian pulses with duration τG (half width at 1/efrom maximum) much smaller than the detector’s bandwidth, the shot-noise-induced
photo-detection phase noise power spectral density is expressed as [58]:
L(f) = e
2Iavg
(2pinfrepτG)2 (2.8)
with frep the repetition rate and n the order of the considered harmonics (nfrep is thefrequency of the microwave carrier). The corresponding jitter on the arrival time of the
pulses on the photo-detector is
σt =
√
e
2Iavg
frep · τG =
√
hν
2ηEp
τG (2.9)
with Ep the energy per pulse and η the photo-electric quantum eﬃciency. In other words,the pulse arrival time can be detected with a resolution at best equal to the optical pulse
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width5 divided by the square root of the number of photo-electrons6. Interestingly,
this limit can be set arbitrarily low for extremely short optical pulses. This recent
development sheds a new light on the shot noise issue and will certainly lead us to
minimize the optical pulse duration on the photo-detector in the future (whereas, until
now, we were simply making sure that it was much smaller than the inverse of the
photo-detector’s bandwidth).
To reduce the white noise plateau limitation, we have used two complementary ap-
proaches detailed in the following.
Figure 2.6: An illustration of the cascaded Mach-Zehnder interferometer (MZI) scheme
used to achieve a pulse rate multiplication.
2.6.1 High linearity photo-diodes
The saturation eﬀect of the photo-diode, due to space-charge screening, is responsible
for limiting the microwave power in a given harmonics of the repetition rate when the
impinging optical power is increased. To get the maximum possible microwave power
from a 250MHz repetition rate Er-doped ﬁber based femtosecond laser with typically
70mW available at the output (or even several hundreds mW if one uses an EDFA), it’s
paramount to use specially designed photo-diodes which exhibit a linear behavior on a
very large range of impinging optical power. We have focused primarily on the high
linearity photo-diode (HLPD) from Discovery semiconductor based on the pin technol-
ogy. We have thoroughly characterized it for our application [55]. Further development
will be undertaken by Discovery semiconductor to reach even larger linearity without
reducing the bandwidth of the photodiodes.
An alternative technology which is now becoming available is the uni-traveling carrier
(UTC) photo-diode, in which only the electrons are carrying the signal (while for pin
photo-diodes, both electrons and holes are). As electrons have a much larger velocity
than holes, the space-charge screening eﬀect is much reduced for this technology, which
is very promising for our application. For the same reason, the achievable bandwidth
can be much larger than for pin photo-diodes (hundreds of GHz) for the same junction
size. We do not yet have easy access to well packaged UTC diodes, but if such were
5It’s indeed the optical pulse width that matters, not the electrical pulse width (the later being
imposed by the ﬁnite bandwidth of the photo-detector.). This surprising feature is due to the fact that
the process which transforms the photo-generated electron pulse into a bandwidth limited pulse is not
random, but perfectly predictable.
6The similarity with the quantum projection noise eﬀect for atomic clocks is particularly striking
here.
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to become accessible, these devices would be very interesting to try for our application
[59].
2.6.2 Repetition rate multiplication
In our low-phase noise microwave generation scheme, we produce on the photo-diode all
the harmonics of the repetition rate (250MHz for our Er-doped ﬁber systems) within
the bandwidth of the photo-diode. The one harmonic of interest among those (typi-
cally around 10GHz) is then narrow-bandpass ﬁltered to obtain the single frequency
microwave source of subsequent use. The energy from all the unwanted harmonics is
therefore lost. In the context of signal-to-noise-limited phase noise at high Fourier fre-
quency, it is therefore desirable to multiply the repetition rate of the femtosecond laser.
As higher repetition rate Er-doped comb systems are not commercially available, a pos-
sible alternative is to externally multiply the repetition rate, for example by using a
ﬁltering Fabry-Perot cavity.
Figure 2.7: Photodiode (HLPD from Discovery semiconductors) output spectrum driven
with 10 mW optical power. Plot (a) after repetition rate multiplication x8 with cas-
caded Mach-Zehnder interferometer. Plot(b) driven by the un-multiplied output of the
frequency comb.
We have implemented an external repetition rate multiplier based on cascaded Mach-
Zehnder interferometers [60] that present the strong advantage over a ﬁltering FP cavity
of not losing the optical power from the undesired repetition rate. The implementation is
illustrated in ﬁg 2.6. We were able to obtain microwave powers at 10GHz near 0 dBm.
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This led to the demonstration of diﬀerential phase noise of the microwave extraction
process (one cw laser and 1 comb in common mode) as low as -165 dBc/Hz at 10MHz
from a 10GHz carrier. For diﬀerential microwave generation process (1 common mode
cw laser and 2 combs) there is excess phase noise of undetermined origin that still needs
to be investigated. However, at 10MHz from the carrier, the phase noise is below -
160 dBc/Hz and substantially below -150 dBc/Hz for Fourier frequencies above 1 kHz.
Figure 2.8: Plot (a) Residual phase noise for a single repetition rate multiplier sys-
tem (measured with a common ﬁber-based optical frequency comb). The dotted line
estimates the shot-noise limit for these conditions ( 11 mW optical power, 8 mA photo-
current). Plot (b) Residual phase noise for a single complete optical-to-microwave system
i.e. a frequency comb followed by a repetition rate multiplier and high linearity photo-
detector (measured with two independent systems). The dashed line represents the
typical phase noise level that would be achievable without the repetition rate multiplier.
2.6.3 dual-photo-detector combined with repetition rate multiplication
The repetition rate multiplier topology we use exhibits two outputs, of which only one
was used previously for low noise microwave generation. In a later work, we used a
combination of repetition rate multiplier with dual photo-detectors (at the two outputs)
whose microwave signals are combined coherently to provide an increased signal to noise
ratio. Furthermore, by carefully tuning the bias voltage of each photo-detector, it is
possible to operate one and the ﬁrst zero amplitude-phase conversion point, while the
other operate at the second vanishing point. As the ﬁrst and second point exhibit
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opposite slope of amplitude-phase conversion factor with reference to impinging optical
power, the combined dual-photo-detector scheme exhibits a much reduced dependence
of the global microwave phase noise sensitivity to the laser power ﬂuctuations [61]. Such
a multi-detector coherent combination technique will be subject to further investigation
in the future. In particular, as it allows to reach higher coherently combined signals (up
to 6 dB) than a single photo-detector, it is likely to lead a substantial improvement of the
microwave signal-to-noise ratio and hence, the high Fourier frequency white phase noise
plateau, at least in the context of ultra-short pulses where the high Fourier frequency
noise is imposed solely by thermal noise whereas shot-noise is considered negligible.
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Figure 2.9: Energy to phase conversion factor (EPC, in rad) vs energy per pulse (in pJ)
for various phot-detectors. Squares: ﬁrst high linearity photo-diode (HLPD) with 9V
bias voltage. Dots: second HLPD with 7.36V bias voltage. This second bias voltage was
chosen so that the second zero of the EPC curve matches the ﬁrst zero of the previous
curve. Triangles: combined system were the microwave ﬁelds from the two previous
photo-detectors are coherently combined. Open triangles: simple model for the curve
in ﬁlled-triangles, where the average of the dots and square curves is considered a ﬁrst
order approximation of the expected experimental data.
2.7 Chapter conclusion
The research on low phase noise microwave signal generation by photo-detecting the
pulse train of a fs laser phase locked to a cw ultra-stable reference is currently very ac-
tive and progressing fast. With the emergence of new photo-diode technology, and the
development of high repetition rate lasers, either by direct increasing of the repetition
rate or external multiplication, it seems within reach to achieve extremely competitive
systems with phase noise below -100 dBc/Hz at 1Hz from a 10GHz carrier and about
-170 dBc/Hz at 10 kHz and above. Such systems would be unprecedented in performance
by any competitive technology and raise strong interest, for example in radar applica-
tions. Although I have focused here on our work at LNE-SYRTE on this topic which, as
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well as those at NIST [62], utilize the photodetection technique, another promising tech-
nology has been developed at MIT in F. Kartner’s group for synchronizing microwave
signal with the repetition rate of a fs laser [63, 64, 65, 66]. This technique is based on
Sagnac loops with an Electro-optic transducer in the loop that couples microwave signals
with the balancing condition of the Sagnac loop. The full capability of such technique
still needs to be fully investigated and several groups worldwide are investing research
time on it.
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C H A P T E R 3
New applications of Frequency
combs in the optics domain
The most exciting phrase to hear in science, the one that heralds new
discoveries, is not ’Eureka!’ (I found it!) but ’That’s funny ...’
Isaac Asimov (1920 - 1992)
Beyond the original application of optical frequency combs in optical frequency measure-
ment, and their application to low noise microwave signal generation, another variety of
applications has appeared, which use the coherence properties of the combs in the optics
domain itself. Examples of such applications include, for example, extension to deep UV
by high harmonic generation for spectroscopy and UV frequency metrology [67], dual-
comb spectroscopy [25, 26, 68], calibration of spectrometers for astrophysics [69, 70, 71],
gas trace detection by cavity enhanced absorption spectroscopy [68] or molecular ﬁnger-
printing [72]. The range of applications is ever increasing and, no doubt, new utilities
will keep being invented in the future for the ubiquitous optical frequency comb.
The main properties of optical frequency combs that are used in these applications
are:
• the phase coherence between the various optical modes that compose the comb
• the large span of frequencies available in parallel
• the large optical peak power, enabling strong non-linear eﬀects (in particular for
high harmonic generation applications)
My research activities at NIST and LNE-SYRTE have led me to carry out several
proof-of-principle experiments that explored new applications of frequency combs, and
this chapter will summarize the various publications that stemmed from this research.
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3.1 Direct frequency comb spectroscopy
For some spectroscopy applications, the lack of reliable and high performance cw lasers
at the required wavelength can be problematic. Furthermore, for very high resolution
spectroscopy, as that realized in an optical clock, the development of an ultra-stable
cavity stabilized laser at the required wavelength can be time consuming and costly. An
optical frequency comb phase-locked to an ultra-stable cw optical reference is spectrally
composed of a very large number of modes spanning over one octave of spectrum, each
of them having the same spectral purity and stability of the cw laser that the comb is
phase-locked to. It is therefore tempting to use the photons in one of these many modes
to directly realize the spectroscopy of the atomic (or molecular) transition that is under
consideration. The problem is that the available optical power per mode of the comb is
very small (typically in the micro-watt range, or even lower) making the detection of a
spectroscopic signal challenging.
During my stay at NIST, we have realized high resolution Direct Frequency Comb
Spectroscopy (DFCS) of two spectral absorption lines in a cold (2mK) sample of neutral
Calcium atoms utilizing new original techniques to circumvent the low available opti-
cal power per mode. These proof-of-principle experiments have been realized with the
cold Ca atomic clock which was described brieﬂy in chapter 1 and an octave spanning
Titanium-Sapphire based frequency comb in the next door room. The comb’s light was
brought to the Ca clock experiment with a 20m long polarization maintaining single
mode optical ﬁber.
In a ﬁrst experiment, the mode of the comb closest to the “clock transition” between
the 4s2 1S0(m=0) and 4s4p 3P1 (m=0) levels of 40Ca is scanned through the resonanceby acting on the reference synthesizer that controls the phase-lock loop of the comb to
an ultra-stable 1068 nm ﬁber laser. The light of the comb is ﬁltered around 657 nm by a
ruled grating before injection to the ﬁber that guides it to the Calcium clock experiment.
To compensate for the various losses in the ﬁber and grating, the output of the ﬁber
is ampliﬁed in a anti-reﬂection coated semiconductor diode laser (operated below the
self-lasing threshold driving current) that acts as a gain chip to provide approximately
8 times ampliﬁcation to a 3µW per mode power at 657 nm. The cold sample of atoms
is probed by this light with 100µs pulses and the resulting depletion from the ground
state is detected by the standard shelving technique. We were able to get down to a
resolution of 5.9 kHz enabling the observation of the recoil doublet of cold Ca (for which
the recoil splitting value is 23.1 kHz). As the recoil doublet is a saturated absorption
feature, further improvement in resolution was limited by the low percentage of atoms
that are, at such high resolution, within the resonant velocity class. For a 2mK sample
of atoms, the Doppler width is about 3MHz. Hence, at 5.9 kHz resolution, only about
0.1 percent of the atoms (∼6000 atoms) participate in the spectroscopic feature
In a second experiment, although the implementation is quite similar, we changed
completely the semi-conductor ampliﬁcation regime by setting the driving current above
the self-lasing threshold. In such regime, the eﬀect of the input comb mode is that of an
injection locking, by which the free-running lasing optical frequency is forced to equate
that of the seed laser. In such regime, the phase locking bandwidth (and the capture
range) is proportional to the seed optical power. For such low optical power (about
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400 nW per mode), the injection range is small, and actually smaller than the 1GHz
spacing between two consecutive modes of the comb. As a result, a single mode of
the comb is preferably ampliﬁed by the injection locked semiconductor laser, leading to
optical power as large as 800µWat resonance with the Ca clock transition. The ampliﬁed
power was experimentally asserted by measuring the power broadening of the transition
line spectroscopy. For such power, it is feasible to realize Ramsey-Bordé interferometry,
which allows high resolution spectroscopy with a participation of a substantial portion of
the thermal distribution. In practice, ∼3 percent of the atoms are used in the Ramsey-
Bordé interferometer, leading to a signal to noise ratio of the fringes of the order of 4
after 150 ms averaging for a resolution of 1.2 kHz.
Figure 3.1: Time-resolved optical Ramsey-Bordé fringes for pulse lengths of 7µs, sep-
arated by 203µs. Each point in the plot is the result of 150ms of averaging. On the
vertical axis, 1mV corresponds to 600 atoms.
These techniques could be used for high-resolution absolute measurement of the line
center because the weak dipole coupling of the clock transition yields a negligible ac
Stark shift due to other comb components. Even for the unlikely case of a completely
asymmetric distribution of comb lines with equal amplitudes, we estimate this shift to be
<1mHz. These proof-of-principle experiments were reported in Physical Review Letters
[73].
In a third experiment, we used the standard 657 nm clock high-ﬁnesse diode lasers
to pump the atoms in the 4s4p 3P1 state from which we excited the metastable atomsto the 4s5s 3S1 state thanks to direct frequency comb spectroscopy using a single toothof the optical frequency comb (ﬁltered by a grating around 612 nm). The resonance was
detected by its eﬀect on the depletion of the ground state (4s2 1S0) while cycling theexperiment continuously. Indeed, the atoms pumped in the 4s5s 3S1 state are “lost” andcannot be re-captured in the next cycle, contrary to the majority of atoms in the 4s2 1S0(ground) state or those in the 4s4p 3P1 which decay back to the ground state in a fewmilli-seconds after excitation. To reach the required level of sensitivity in the detection,
we used a combination of an optical chopper on the comb beam and a lock-in ampliﬁer
to realize a lock-in detection scheme at 10Hz. The modulation frequency was chosen to
be suﬃciently slow so that the 612 nm light leak mechanism would yield the necessary
depletion of the steady-state number of atoms, while still providing suﬃcient suppression
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of low-frequency noise. This experiment led to a determination of the absolute frequency
of the 3P1-3S1 optical transition with an accuracy of 56 kHz, nearly three orders ofmagnitude better than previously reported. In a fourth experiment, we realized the
Figure 3.2: Low-lying energy levels of Ca. The 423 nm transition is used for laser cooling
(and atom number detection). The 657 nm transition is the clock transition.
direct frequency comb spectroscopy of the 4s4p 3P2 - 4s5s 3S1 transition at 616 nm.Probing this excited transition was possible due to some speciﬁcities of the experimental
apparatus. The cooling transition for neutral Ca atoms is the 4s2 1S0 to 4s4p 1P1 at423 nm. From the 4s4p 1P1 state, the atoms have a small (≈10−5) probability to decay inthe 4s3d 1D2 state, from which they further decay predominantly into the 4s4p 3P states.Atoms that decay to the 3P2 state can be magnetically trapped in the magnetic-ﬁeldgradient due to the magneto-optical trap coils. By ex-citing these atoms on the 4s4p 3P2to 4s5s 3S1 transition at 616 nm we were able to create a re-pumping mechanism thatincreases the number of atoms in the ground state, as some of the atoms decay from the
3S1 state to the 3 P1 state and then back to the ground state. The same lock-in scheme,
with chopping the optical frequency comb beam at 10Hz, allows observation of this small
re-pumping mechanism eﬀect, leading to an absolute measurement of the 4s4p 3P2 - 4s5s
3S1 transition at 616 nm with an accuracy of 9MHz, a 50 times improvement over thepreviously reported value. These last two experiments were reported in Physical Review
A [74].
The four DFCS experiments reported here represent interesting examples of tech-
niques that can be implemented to allow probing an atomic transition in a sample of
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cold atoms with a single tooth of the frequency comb, despite the low optical power
available in the said tooth. With such methods, the large spectrum covered by the
optical frequency comb demonstrates its full potential in enabling, the probing of any
atomic transition within its spectrum, typically covering a full octave in the visible to
near infrared range.
3.2 Multiple frequencies optical network over 100’s of me-
ters and 100’s of Tera-Herz
While at NIST, I took part in an other proof-of-principle experiment involving optical
frequency combs and ultra-stable lasers that demonstrated coherent transfer of optical
spectral purity and stability across diﬀerent locations and at various optical frequencies.
This experiment was involving two optical frequency combs, one based on Ti:Sapphire
femtosecond laser (covering a spectrum from ≈550 nm to ≈1200 nm), the other on Er-
doped ﬁbre laser (covering a spectrum from ≈1000 nm to ≈2000 nm), and 4 ultra-stable
cw lasers (operating at 657 nm, 767 nm, 1126 nm and 1535 nm). We demonstrated full
coherence of optical frequency transfer across buildings (over a few 100s of meters of
ﬁbre-optics) and across the various wavelengths at stake in the network. Such a complex
network, involving many diﬀerent experiments and laser technologies is an important
step toward a complex integrated system at the scale of a metrology institute. As the
development of ultra-stable lasers are increasingly expensive and time consuming as
time passes by and the required performance increases, developing in such institution
the capability of distributing one or more references among diﬀerent experiments that
may require its high spectral purity (although at a diﬀerent wavelength and relatively
remote location) will become more and more important in the future.
These ﬁrst experiments at NIST demonstrated a coherent phase link between optical
frequencies in diﬀerent locations with an excess degradation in stability as low as 6.7×
10−17 at one second integrating time, with an accuracy budget at the 5.3× 10−19 level
reached after 5 hours of data accumulation (obtained in diﬀerent runs). These results
were reported in Nature Photonics [75].
3.3 Transfer of spectral purity between wavelengths at the
10
−18 level
Furthering the line of research discussed in the previous section, we recently realized
at LNE-SYRTE an experiment demonstrating the actual transfer of spectral purity
from a master laser at 1062 nm to a slave laser at 1542 nm via a ﬁber-based optical
frequency comb. The master laser exibits a stability at 1 s of 4.5× 10−16 (independently
characterized). The slave laser by itself has a 1 s stability of a few 10−15 which, after
applying our spectral purity transfer technique becomes equal to that of the master laser
(as was independently demonstrated with the help of an extra high quality reference laser
at 1542 nm). The setup is depicted in ﬁgure 3.3
The level of degradation in the spectral purity transfer was experimentally demon-
strated (by diﬀerential measurement involving two quasi identical frequency comb-based
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Figure 3.3: Experimental setup. AOM: acousto-optic modulator; EDFA: Erbium-doped
ﬁber ampliﬁer; HNLF: highly non-linear ﬁber; Synth: radio-frequency synthesizer. This
setup is used for transferring the spectral purity from the master laser at 1062 nm
wavelength to the slave laser at 1542 nm wavelength with a heterodyne phase-locking
technique. To demonstrate the stability improvement, the resulting oscillator is charac-
terized against the 1542 nm reference laser with a phase noise analyzer. To characterize
the limit of the system, we compare two such comb-based systems and compare their
results with the phase noise analyzer, with a setup illustrated by the dashed lines.
spectral purity transfer systems and one single pair of master/slave lasers) to be equal
to 3 × 10−18 at 1 s, reaching a stability of 2 × 10−20 at 1000 s integrating time [76, 77].
This is a factor 20 to 100 lower in stability than the best previously reported results
[78, 79, 75, 80, 81]. Very importantly, this level is more than an order of magnitude
lower than the best ultra-stable laser demonstrated to-date [44] and compatible with the
requirements for operating the current optical lattice clocks at the quantum projection
noise limit.
To achieve this level of performance, it was necessary to realize the various phase
comparisons of the comb teeth with the cw lasers, as well as the comb’s self-referencing
at the output of a single branch , i.e. after a single Erbium-doped ﬁber ampliﬁer (EDFA)
and highly non linear ﬁber (HNLF). As a matter of fact, when comparing the optical
phases obtained from diﬀerent EDFA+HNLF branches, the extra diﬀerential noise in-
between branches can typically limit the stability at 1 s near the 1 × 10−16 level. The
inconvenient is that, without a proper optimization of a branch speciﬁcally designed for
obtaining one large “good” beat-note signal at a given optical frequency, it is highly
unlikely to get good signal to noise ratios (SNR) of the various RF signals. Indeed,
we typically obtain SNRs of at best 10 dB in 1MHz bandwidth for beat-note signals
with cw lasers at 1062 nm and 1542 nm obtained from the f0 measuring branch of orEr-doped ﬁber based optical frequency combs. The multi-frequency phase comparison
system make use of the “transfer oscillator technique” [82, 83] where the RF beat-note
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signals to compare are digitally divided each by a speciﬁc scaling factor that allows
direct comparison of the output phases. The digital frequency divisions are realized
with DDSs for which clock signals are the RF signals to divide and programed in a way
to make the output frequencies equal to that of the clocks divided by a ﬁxed factor
speciﬁc for each beat-note. Such systems require clean (high SNR) clock signals to
operate, which seems incompatible with our application. However, by operating the
comb in the narrow linewidth regime, the RF beat-note signals have line-width of a few
Hertz at most (depending on the quality of the cw lasers to compare and of the cw laser
on which the comb is phase-locked to). This allows narrow-band ﬁltering of the RF
signal to “clean” them, up to a level suﬃcient to drive the clock inputs of the frequency
dividing DDSs. As a minimal ≈30 dB SNR is required for driving digital electronics,
by ﬁltering the RF beat-note signals in tracking oscillator ﬁlters with bandwidths about
2-10kHz, suﬃcient quality DDS clocking signals are therefore recovered. This essential
step is only possible due to the narrow linewidths of the beat-notes as otherwise such
narrow bandpass ﬁltering wouldn’t be possible.
Figure 3.4: Frequency stability limit (modiﬁed Allan deviation) of the spectral purity
transfer setup obtained by diﬀerential measurement between two identical setups, as-
suming uncorrelated systems. Green: typical result obtained in a multi-branch conﬁgu-
ration. Blue: result obtained in the phase noise canceling transfer oscillator technique
conﬁguration. Error bars, when invisible, are smaller than the graphical size of the
markers.
The advantage of using a single branch to generate f0 and the diﬀerent beat-notesignals between the comb’s teeth and the cw lasers, combined with the “transfer oscillator
technique” is that all excess spectral phase ﬂuctuations that may appear in, either the
femtosecond laser itself or the EDFA+HNLF system, and that scale up to linear order
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with the optical frequency are common mode and therefore rejected from the phase
comparison.
This technique and its demonstrated lower limit are readily applicable to transfer the
spectral purity between lasers in the 1µm-2µm spectral range where self-referenced Er-
doped ﬁber based optical frequency combs have a non-negligible output optical power.
With proper use of second harmonic generation, extension to the visible and near-UV
domain is also possible. The bandwidth over which the master laser’s phase noise is
copied onto that of the slave laser is solely limited by the lowest of the ensemble of
tracking ﬁlter bandwidths, which are themselves set by the RF beat-note signals de-
tection SNRs. In the example that we realized, we transfered the spectral purity of a
1062 nm laser to a 1542 nm laser that is also used to lock the comb with large feedback
bandwidth and set it in the narrow linewidth regime. Note that the slave laser doesn’t
necessarily have to be the one used for prestabilizing the comb, nor to be operating at a
wavelength compatible with large SNR (and hence large feed-back bandwidth) with the
comb. However, in this case, as the comb itself is also locked to the slave laser, when
the setup is running, the transfer of spectral purity applies both to the slave laser and
the frequency comb itself. This could have useful applications, for example with low
phase noise microwave generation by photodetection of the femtosecond laser’s pulse
train (which is the subject of chapter 2). Indeed, in this particular application, the
lowest absolute phase noise generation reported close to the carrier is still limited by the
spectral purity of the cw laser to which the comb is phase-locked [62]. Transferring the
spectral purity of an excellent quality master laser operating at a wavelength diﬀerent
than the one required for large feed-back bandwidth phase-locking of the comb would
therefore improve the cw reference, and hence the microwave phase noise (close to the
carrier).
The most straightforward application that we will be targeting in the near future
is to transfer the spectral purity of an excellent quality cw laser to the wavelength of
the clock transitions in the Hg and Sr optical frequency standard experiment. In these
experiments, so far, the laser that realizes the spectroscopy of the clock transition is
limiting the frequency standard stability due to the so-called Dick eﬀect [84]. Realizing
a new cw laser with a spectral purity suﬃciently high so as not to impact the stability
(i.e. operating the clock at the quantum projection noise limit - QPN) is a formidable
task that has yet to be demonstrated in the metrology community. However, once this is
realized, our spectral purity transfer, with its 3× 10−18 level stability near 1 s does have
now the capability to transfer it to the clock transition wavelength of the LNE-SYRTE
lattice clocks and operate them at the QPN limit.
3.4 Remote spectroscopy in the mid-IR
In the context of the long-standing collaboration between LNE-SYRTE and the Labo-
ratoire de Physique des Lasers (LPL, CNRS/Université Paris XIII Villetaneuse), some
experiments involving the optical ﬁber-link between the two laboratories have been car-
ried on for several years [85, 86, 87, 52, 88] transmitting a radio-frequency reference on
an optical carrier via this link. Recently, the research has turned to directly transmit-
ting the frequency of the optical carrier itself [29, 89, 90]. The optical link uses telecom
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ﬁbers to transmit a cw ultra-stable laser at 1.5µm wavelength over 43 km from the LNE-
SYRTE laboratory to the LPL, with noise-compensation phase lock loops to reduce the
eﬀect of perturbations that arise along the ﬁber.
We realized recently an experiment that involved optical frequency combs in both
laboratories, both phase-locked to the 1.5µm optical link laser. At LNE-SYRTE the
frequency comb was used to generate a microwave signal of which the frequency was
monitored against the laboratory primary reference. At LPL the comb was used to
generate, via non-linear ﬁber and sum frequency mixing a coherent mid-infrared domain
signal, used to monitor the frequency of a OsO4-stabilized CO2 laser. Eﬀectively, thiswhole experiment was realizing a coherent network of various electro-magnetic signals
spanning from the RF and microwave to the mid and near infrared, and that over a
distance of 43 km.
As a proof-of-principle, an absolute MIR frequency measurement of the OsO4 sta-bilized CO2 laser was realized, with an accuracy of 8.4 × 10−13 dominated by the re-producibility of the OsO4-stabilized laser. In principle, with this network, the stability
and accuracy performance of the LNE-SYRTE atomic fountain become achievable for
distant institutions connected to the LNE-SYRTE via optical link and equipped with
a state-of-the-art optical frequency comb1. As was demonstrated in this experiment,
the wavelength of interest for the remote institution doesn’t have to be in the visible
range as non linear-optics combined with frequency comb can transfer the measurement
capability of the comb to the MIR range. This experiment was reported in New Journal
of Physics [19].
1The REFIMEVE+ “equipex” project, jointly managed by LNE-SYRTE and the Laboratoire de
Physique des Lasers aims at realizing a network of such optical links, using the standard RENATER
telecommunication infrastructure, connecting at the beginning a dozen of institutions throughout France
to the LNE-SYRTE optical frequency reference, with planned extensions to other European institutions
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Conclusion and perspective
無爲而無不爲
When nothing is done, nothing is left undone
Lao-Tzu ( 老子), Dao De Jing ( 道德經), book 48 (trans. by S. Mitchell)
I have presented here some of the research that I have worked on involving optical
frequency combs and optical frequency measurements over the last decade. This is of
course but a glimpse of a very active ﬁeld in which new applications are born every year.
In the context of the optical frequency standards developed at LNE-SYRTE and other
National Metrology Institutes worldwide, the performance that we reached for optical
frequency measurement greatly exceeds the one required for the foreseeable next several
years of progress in frequency standards. Beyond this core application, the search for
new applications of self-referenced optical frequency combs has been quite successful and
full of promises for the future. I have presented several of such new applications in this
manuscript.
In the next several years, part of my research activity will be an extension of my
current work on the generation of low phase noise microwave signals with optical fre-
quency combs. In particular, working in close collaboration with two industrial partners,
one from Germany (MenloSystems GmbH, specialized in optical frequency combs) and
the other from the USA (Discovery semiconductor Inc., specialized in high performance
high speed photo-diodes), I am planning to further the performance of our systems by
studying the potentiality, in particular, of new ﬁbre-comb technologies (solitonic regime
vs stretched pulse ﬁber lasers,...) and higher power handling photo-detectors. It will
also be interesting to experiment with micro-resonator-based optical frequency combs
for the generation of low-noise microwave signals with ultra-compact systems. A collab-
oration with the group of Pr. Tobias Kippenberg at the Ecole Polytechnique Fédérale
de Lausane (EPFL) has been initiated for this speciﬁc topic. A European Union based
research program (in the Eurostar framework) between MenloSystems, LNE-SYRTE
and the Laboratoire Photonique, Numérique et Nanoscience (LP2N) is currently start-
ing and formalizes these collaborations with the industry. A DARPA-funded research
program between LNE-SYRTE, LP2N, MenloSystems, Discovery Semiconductor and
EPFL is currently in the negotiation phase to further formalize (and fund) this aca-
demic/industry collaborative project for the next 2 to 5 years (depending on progress).
In the absolute frequency measurement part of my research work LNE-SYRTE, which
is an essential part of the development of optical clocks, a strong emphasis will be
put in the next few years on automatizing the measurement process and render it as
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maintenance-free as possible. Although mostly technological, this aspect of research
is essential in the context of a National Metrology Institute like LNE-SYRTE. Indeed,
such institution has a strong requirement to, progressively, go beyond the “proof-of-
principle” and “demonstration of pure performance” experiments and make its state-of-
the-art developments available to the operational-level tasks of the laboratory. Fundings
for this part of my work are and will mainly be provided by the LNE, the ANR (LIOM)
and the Reﬁmeve+ Equipex.
In parallel and in synergy with my optical frequency comb activity, I have recently
started a new research project aiming at producing ultra-stable cw lasers of a new
generation. This project needs to be contextualized to the current state of research in
optical frequency standards. In these frequency standards, a narrow (highly forbidden)
optical transition in cold atoms is probed with a cw laser whose frequency is maintained
at resonance via a locking scheme. The most fundamental limitation of atomic clocks in
term of short term stability is set by the quantum projection noise limit (QPNL) which,
very schematically, gives a stability which, for an ideal probe laser, is proportional
to atomic transition linewidth divided by the square root of the number of probed
atoms. Unfortunately, for non-ideal cw probe lasers, the overall performance of the
frequency standards is degraded. The current state-of-the-art probe lasers are based on
ultra-high ﬁnesse Fabry-Pérot cavity in highly controlled environments. These systems
nowadays reach their own fundamental limits (at a few 10−16 short term stability), set
by the thermal agitation of their composing atoms at room temperature. The stability
corresponding to this limit is not suﬃcient to allow the neutral atoms lattice optical
frequency standards developed worldwide to reach their fundamental quantum projection
noise limit. Four possibilities are currently explored in the optical frequency metrology
worldwide community to circumvent this limitation.
The ﬁrst is to develop longer and larger high ﬁnesse Fabry-Perot cavities, with opti-
mized high-reﬂection coatings, as the thermal noise agitation eﬀects are averaged over
the size of the cavity and therefore reduced for larger devices. A development in this
direction is currently underway in the optical frequency group at LNE-SYRTE, led by
another permanent member of the group.
A second possibility is to set the whole Fabry-Perot cavity device at cryogenic tem-
perature [44]. As the temperature is lowered, the thermal agitation of the atoms is
reduced, which, in turn, decreases the thermal ﬂuctuations of the length of the cavity.
At LNE-SYRTE, a collaboration with the team of Pr. Kersalé at FEMTO-ST institute
(Besançon) is being developed in this direction, where my contribution will focus on the
application to optical frequency standards via optical frequency combs.
A third possibility, currently explored at room temperature but which could be
adapted to cryogenic temperatures in parallel to the previously discussed route, is to use
crystalline ultra-high reﬂection coatings [91]. As a matter of facts, at room temperature,
a study of the various sources of thermal noise for an ultra-stable high ﬁnesse Fabry-
Perot cavity shows that the dominant eﬀect comes from the high reﬂection coatings
themselves. This comes from the fact that the thin layer materials in use for standard
high reﬂection coatings are not chosen normally for their very high mechanical quality
factor and there small size doesn’t allow for large averaging of the thermally-induced
atomic mechanical vibrations. The use of special dielectric coating realized with crys-
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talline materials (which therefore require special fabrication and deposition techniques)
therefore permits reducing this contribution by several orders of magnitude. These
special coatings are now in the process of becoming commercially available.
The fourth possibility is the one in which I am starting a new research program at
LNE-SYRTE, with main fundings, so far, from the LNE, a CNRS/PSL* PEPS, the Ville
de Paris (Emergences program), the Région Ile-de-France (DIM nano-K), the FIRST-TF
Labex, the Observatoire de Paris and the Humboldt foundation. It consists in changing
paradigm and, rather than stabilizing a laser to a macroscopic Fabry-Perot cavity, sta-
bilizes it to a narrow spectral structure realized in a few mm 3 rare-earth doped crystals
(REDC) at cryogenic temperature. Such structures can be realized by spectral hole
burning (a few hundred Hz linewidth has been obtained in Eu3+:Y2SiO5 crystals near
4K). As the crystal is small (much smaller than a Fabry-Perot cavity in particular), it
is comparatively easy to cool it down to a few Kelvin and keep it in a very low per-
turbation environment (in term of temperature, pressure and vibrations in particular).
Preliminary experiments realized at NIST (Boulder USA) have demonstrated a stability
of such a laser at 6× 10−16 at 2s, comparable to the best Fabry-Perot stabilized lasers,
with much room for improvements [92].
These new systems have a large potentiality for extremely high short term stabil-
ity cw laser realization, as the spectral reference is operating at cryogenic temperature
and therefore is expected to have very low thermal-agitation-induced limit. However,
strong challenges will have to be overcome to realize the full potential of these systems.
Among them the sensitivity to (dynamic) external perturbations on the crystalline ma-
trix is one of the most important ones to assess and control. My work (and that of
co-workers at LNE-SYRTE, including 1 post-doc and 1 PhD student both full time on
the project under my supervision) on this topic will be realized in collaboration with
the team led by Dr. Philipe Goldner at Laboratoire de Chimie de la Matière Condensée
de Paris (LCMCP) for the chemistry of solid and crystal growth, the team led by Dr.
Thierry Chanelière and Dr. Jean-Louis Legouët at Laboratoire Aimé Cotton (LAC)
for the physics and spectroscopy of spectral hole burning structures, and the team led
by Dr. Vincent Giordano and Pr. Yann Kersalé at FEMTO-ST for the realization of
extremely low perturbation cryogenic environments. Promising routes to explore are,
in particular: the use of isotopically pure doping of samples, which may decrease the
homogeneous linewidth achievable; high symmetry matrices which may exhibit lower
sensitivity to pressure and residual acceleration (forces); and development of novel spec-
troscopic methods to use the maximum number of rare-earth ions in the probing, thereby
increasing signal-to-noise ratio and lowering the shot-noise limit on short term stability.
As the laser that we will be developing will be complex and intrinsically wavelength
speciﬁc, an important aspect of my future work will be to develop techniques to transfer
the spectral purity that will be achieved by such technique at one given wavelength
to the other wavelengths of metrological interest via an optical frequency comb. As
an example (and ﬁrst foreseen realization), we will realize the spectral purity transfer
between a Eu3+:Y2SiO5 stabilized laser at 580 nm and a 698 nm laser used to probe the
clock transition of neutral Strontium atoms (one of the lattice atomic clocks developed
at LNE-SYRTE). Currently, 1 post-doc is working full time on this project under my
supervision. This will allow to use the quality of the rare earth doped crystal (REDC)
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stabilized laser to actual improvement of the performance of an existing optical clock.
The long term goal will be, of course, to reach the QPNL for the optical lattice clocks
developed at LNE-SYRTE thanks to the REDC stabilized laser technology. Realizing
this spectral purity transfer without degradation at the 10−17 level in a robust and
reliable way is a challenge that we have already started to address (see part 3.3 of
this manuscript). Extending this technique to other wavelengths, including some which
require the use of multi-branch ﬁber-based frequency combs will be explored. Beyond
the primary use in optical frequency metrology, and on a longer timescale, my research
activity in this ﬁeld may have impact on the development of highly sensitive pressure,
force, or electric ﬁeld sensors based on REDC systems, for example by realizing micro or
nano resonator systems in such materials, where externally applied strain or stress could
be detected via the frequency shift of extremely narrow linewidth spectral structures.
This may open fruitful collaboration with the nano-opto-mechanics community in the
future.
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